STK4500: Life Insurance and Finance

Exercise list 10

Exercise 10.1

Use the integration by parts formula or It6’s formula to verify that a portfolio strategy ¢, =
(2, 01), t > 0 is self-financing if, and only if

V() = Volo) + / $1d8(s), 130,

where S(t) := e "5(t) is the discounted (Black-Scholes) stock price and V(¢) := e "V,(¢) the
discounted portfolio value with respect to ¢;.

Exercise 10.2 (Markov property of Black-Scholes stock prices)

(i) Use Exercise 9.1 from List 9 to show that

S(t) = xexp <(7"— ";) t+o§t) :

where ét, 0 <t < T is a Brownian motion w.r.t. the equivalent martingale measure Q.

(ii) Use (i) and Exercise 9.2 from List 9 to find a formula for the present value at time ¢ of
the contingent claim
X = max{N(T)S(T), G(T)},
where N(T) is the (deterministic) number of shares invested in the stock index (or fund)
and G(T) a guaranteed payment.

Exercise 10.3

Consider a 10-year unit-linked pure endowment insurance (or guaranteed minimum maturity
benefit) issued to a life aged 60 with a single premium of mp = 10000$. An initial expense
deduction of 3% is charged and the rest of the premium is invested in an equity fund whose
dynamics S; of its values over time is described by the Black-Scholes model in Exercise 9.1 from
list 9 or Exercise 10.2 above, with Sy = 1. Further, an annual management charge of 0.5%
is deducted from the fund at the beginning of each year with the exception of the first year.
The maturity benefit (or endowment amount) is given by the maximum of the investment at
maturity and the premium .
Assume



(i) Makeham’s law
lu*Jf(t) = A + BCt)

with A = 0.0001, B = 0.00035 and ¢ = 1.075. Or if you want, you can use Norwegian
mortality data from https://www.ssb.no/dode (Table 2) and using the data to estimate
A, B and c.

(ii) Risk free rate of interest r = 5% per year, continuously compounded.
(iii) Volatility o = 25% per year of S;.

Calculate the prospective reserve of the maturity benefit at the initial time of the contract.

Exercise 10.4

Suppose the insurance contract in Exercise 10.3 is still in force 6 years after its issue. Calculate
the prospective reserve of the maturity benefit at time ¢ = 6 years in the case that the fund
value since its purchase

(i) increased by 45%, and

(ii) increased by 5%.

Exercise 10.5 (Black-Scholes partial differential equation)

Consdier the European call option X = max{0, Sy — K} where K > 0 is the strike price and
S ={S;,t € [0,T]} the stock price process described by the Black-Scholes SDE

t t
Sy =x+ / S(s)uds + / S(s)odBs,
0 0

for constants ¢4 € R and o > 0. Use Exercise 9.2 from List 9 to write the fair value of X at
time ¢ as
ClaimValue; = v(t, S;)

for a function v. Show that v solves the partial differential equation

o 1 0? 0
_8_1; +rv = 5023528—;; + 7"9138—2, t€[0,T],z € (0,00),

v(T,z) =max{0,z — K}, xz¢€[0,00).
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