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m To model the states of the insured with a Markov chain X;.
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What we have learnt so far...
m To model the states of the insured with a Markov chain X;.
m To model cash flows, denoted by A, with policy functions according
to the states of the insured.
= To defined stochastic prospective value V," and the expected
prospective value given a state i, V" (t).

I
m To include periodic premiums and determine their value by using the
actuarial equivalence principle.
m All this, under a continuous time setting and a discrete time setting.
m Thiele’s differential equation (continuous time setting) for V,*(t), t > 0.
m Next:

m Thiele’s difference equation (discrete time setting) for V¥ (¢), t € N.
m Examples.
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Recall the expected prospective value at discrete times t € N, assuming X; = |, is
given by

VIO = g |32 0 vt () + 30 S vin-+ Dyt e n+ )& ()|
Jj  n=t

Lk n=t
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Recall the expected prospective value at discrete times t € N, assuming X; = |, is
given by

VIO = g |32 0 vt () + 30 S vin-+ Dyt e n+ )& ()|
ioon=t jk n=t

Steps to prove Thiele’s difference equation:
Compactify the expression for V;*(t), t € N.
Separate the sum over ninto one summand n= t and therest n > t + 1.
Use Chapman-Kolmogorov equation to go from tto nvia t + 1, i.e.

pi(t,n) =S pi(t t+ 1)py(t+1,n).
k

Put things back together.
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given by

Lk n=t

[ZZ np(t,n)a " (n) +> > " v(n+1)pi(t, npx(n, n+ 1)ag(n )],

We can express V/"(t) as

Vi () = I)ZZW")PU (t,n) < )+Z%pjk(nn+1)aﬁk‘”‘( )>.

k
=6;(n)
That is,
1 o0
Vit (t) = 70) > vmpy(t mey(n),
j n=t
where

6;(n) £ () + > _ vapr(n, n+ 1)ag™(n),
k

where v, = "(V’f;)‘) is the one-step discount factor.
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V() = g 303 vimpy(t. e (o),
J

n=t
where
6;(n) £ &™(n) + > vap(n, n+ 1)ag™(n).
k

Now, separate the sum >~ a(n) = a(t) + >_2,., a(n).

Vit(t) = % ; v(t) py(t, 1) 9(t) + ; n;; v(n)p;(t, m;(n)
1
- W v(t)8i( t)+zj:nzt:‘1 n)p;(t, n)d;(n)
= TZ Z mp;(t, n)o;(n).
Jj  n=t+1
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v(n)pi(t, n)g;(n),

9

Mx

ViH(t) = Z
j

n=t

T

where
6;(n) £ &"(n) + > _ vapi(n, n+ 1)ag(n).
P

Now use Chapman-Kolmogorov equation to go from ¢ to nvia t + 1, that is p;(t, n) =

S Pi(t, t+ 1)pig(t + 1, n). Then,
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Vi (t) = Z > v(n)p;(t, mg;(n),
j n=t+1
where

6;(n) £ &"(n) + > _ vapi(n, n+ 1)ag(n).
P

Now use Chapman-Kolmogorov equation to go from ¢ to nvia t + 1, that is p;(t, n) =

S Pi(t, t+ 1)pig(t + 1, n). Then,

V(L) = 6i(t Z > v(n)> pi(t t+ 1pg(t+1,n)8;(n).

J  n=t+1 k

Take the sum over k as far out as you can and everything that depends upon k:

Vi) = 6i(t) + D pu(tt+1) = Z Z npy(t+1,n)6;(n).
k

j  n=t41

=v(t+1) Vi (t+1)
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Thus,

V,-+(t) = 6i(t) + ;Pik(t,t—‘r 1) @ V/j(t—‘r 1),
———

=y

where v; is the one-step discount factor and

6;(t) £ a(t thp,kttﬂ) ag(t).
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Thus,

v(t+1)
v(t)

——

=y

Vi (t) = 6i(t) + > pr(t t+1) ViE(t+1),
k

where v; is the one-step discount factor and

6;(t) £ a(t thp,kttﬂ) ag(t).

Putting things together and taking common factor we obtain the recursion for-
mula for every t € N:

V() = a(t) + > vipi(t t+1) (a5 () + Vi (t+ 1))
k
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Premiums (only)
Thiele:
Vir(t) = a(t) + > vipy(t, t+ 1) (" (8) + V' (t + 1))
)

Only two states: 8§ = {x,1} and V;" = 0, hence we only have one function V/(t).
Moreover all af./’-"St are 0. Premiums of —1 are allocated in the function & = —1 The
equation reduces to:

Vi) = &° ) + vipec (Lt + 1)V (E+1), te{0,1,2,...,To—1}.
Moreover, the final condition is given as V;(Ty) = 0 where Ty — 1 is the last time the
premium is paid in.

Procedure:
From t = T, you have V" (Ty) = 0.
Then go one step back to t = To — 1, to compute V" (To — 1) recursively:
Vj(To — 1) = az'e(To — 1)+VTO—1P**(T0 -1, To)V:—(To)
———
—1
Now you have V; (T, — 1) you can go on to computing V" (To — 2) and so
on down to V,"(0).
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Only two states: 8 = {x, 1} and V;“ = 0, hence we only have one function V. (t).
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Pure endowment
Thiele:
Vir(t) = a(t) + > vipy(t, t+ 1) (" (8) + V' (t + 1))
j

Only two states: 8§ = {x,{} and V;“ = 0, hence we only have one function V. (t).
Moreover all a,F-/’»“‘ are 0. The equation reduces to:

V(1) = vipes (Lt + D) VH(E+ 1)

Moreover, the final condition is given as V7 (T) = E where E is the survival benefit to
be paid out at time T in case of survival.
Procedure:

From t = T you have V;(T) = E.

Then go one step back to t = T — 1, to compute V;"(T — 1) you apply the
recursion:
VT —1) = vi_1pu(T =1, T)VH(T).

Now you have V; (T — 1) you can go on to computing V;"(T — 2) and so on
down to V1 (0).
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Term insurance

Thiele:
V() = a"(t) + Y vips(t t+1) (a7 (1) + V' (t+ 1))
j
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Term insurance
Thiele:
V() = & (1) + Y vipy(t t+ 1) (@7 (t) + V(£ + 1))
j
Only two states: 8 = {1} and V;" = 0, hence we only have one function V. (t).
Moreover & is 0 and &% = B. The equation reduces to:
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Term insurance
Thiele:
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j
Only two states: 8 = {1} and V;" = 0, hence we only have one function V. (t).

Moreover & is 0 and &% = B. The equation reduces to:

V(1) = vipeu (8t + DV (E 4+ 1) + vipai (8t +1)B
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Term insurance
Thiele:
Vi) = a°(1) + > vipy(t t+1) (a7 (1) + Vi (t+ 1))
j

Only two states: 8 = {1} and V;" = 0, hence we only have one function V. (t).

Moreover & is 0 and &% = B. The equation reduces to:

V(1) = vipeu (8t + DV (E 4+ 1) + vipai (8t +1)B
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Term insurance
Thiele:
Vi) = a°(1) + > vipy(t t+1) (a7 (1) + Vi (t+ 1))
j

Only two states: 8 = {1} and V;" = 0, hence we only have one function V. (t).

Pre Post

Moreover &g is 0 and a,5" = B. The equation reduces to:
V(1) = vipeu (8t + DV (E 4+ 1) + vipai (8t +1)B
Moreover, the final condition is given as V;(T) = 0.
Procedure:
From t = T you have V;(T) = 0.
Then go one step back to t = T — 1, to compute V,"(T — 1) you apply the
recursion:
VAT —1) = vio1puu(T =1, T) VS (T) +vr_1pai(T — 1, T)B
N——
=0
= VT_1p*T(T -1, T)B
Now you have V; (T — 1) you can go on to computing V;"(T — 2) and so on
down to V1 (0).
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Exercise:

Write down Thiele’s difference equation for the endowment (pure + term) in-
surance, pension and disability insurance.

David R. Banos Life Insurance and Finance STK4500 14/14



UiO ¢ Department of Mathematics
University of Oslo

. David R. Banos

. Life Insurance and Finance
Lecture 9: Thiele’s difference equation




	Introduction
	Thiele's difference equation
	Examples
	Pure endowment
	Pure endowment
	Term insurance


