Non-Life Insurance Mathematics (STK4540)
Solutions to the 2.mandatory assignment

Problem 1 By Theorem 6.3.1 in Mikosch we have that
fiLg = (1 —w)p+wY,

where

" ond Y 1znjy
w = an = - ;.
Y+ nA nj:1 J

By Exercises 5, Prob. 2 we know that
1.

p = E[pd)] = E[P(X;>K|0)] = E[(i)e]

g ! *
- (5—1og(X/K)> ~ 0.127466.

2.
_ Varl(2ye
A = Varlp(0)] = Varl(5:))
_ 8 T 5 “
- (ﬂ—mog(x/m) <ﬁ—1og<x/K>> ~ 0050975
3.
o = EVar[X:10] = Ep(0)] — E[(p(0))?]
_ B ’Y_ B ’Y%
- <,6—log<X/K>> <6—2log<A’/K>> 00802453
So

n=10 10-0.030973 B
- ~ 0.79423 and Y = 0.2.
0.0802453 + 10 0.030073 = 79423 an 0

Therefore, we get that o
drg =1 —w)u+wY ~ 18.508%

is the estimated probability for X; > 55000 NOK given 6.
The corresponding risk is given by

p(fizp) = (1 — w)A ~ 0.00637331.

Problem 2 (i) We apply Theorem 6.3.1 in Mikosch and get that

fipp = (1 —w)p+wX,



where

ni 1
= Y and X = —ZX]
J=1
Here:
L 1.75
u= E[u(0)] = Eo] "2 — ~ 134615
2 1.75
hint .
A= )] = g) "2 ~1
Var[u(0)] = Varld] 13) 0355
3 it 1.75
¢ = E[Var[X, |0] = E[g] "' T~ 1.34615.
Thus 10-1.0355
w "= : ~ 0.884956 and X = 1.2.

1.34615 + 10 - 1.0355
Therefore, we get that o
g = (1 —w)p+ wX ~ 1.21681.

expected claim number (per year) given the observations.
The corresponding risk is given by

p(firg) = (1 —w)\ ~ 0.119128.

(ii) We now assume in (i) that 0 = exp(Z) for Z ~ Exp(3). Then
1.

po= Elu®)] = Blew(2)] = [ esplu)ses(-30)dy
T 15

o0 1
= 3/ exp(—2y)dy = 3(—5 exp(—2y)
0 y:()

A = Var[u(9)] = Bl(u(0))%] — 12
= Ble*] -

— [ expCzsexs(-3n)dy - 4
0
= 3/ exp(—y)dy — u°
0

= 3(—exp(~y)|,20) — 1
= 3—pu%=0.75.

2

¢ = E[Var[X; |0]] = E[0] = 1.5.



So
n=10 10-0.75 —
SN AL LE Y AdX =12
v 15110075 = 833333 an

Hence -
trp = (1 —w)p+wX =1.25.

Problem 3 (i) It follows from Lemma 5.2.3 (1) in Mikosch that

fo(y) P(X = k|0 =y)

foly | =iy = PTEZEEZY)
where
k 00 k
P(X =) = BP(X = k16)) = Ple ") = [ " po(w)dy
and i
PX=k|0=y)= e—y%.

(ii) So by (i) we get that

__(k+1)! /°°€_y yer
O KP(X =k)

(iii) Consider w.l.o.g. the case [ = 2:

B -1 2 [Ty

B (/{7+2)! o yk+2

- k!P(X:k)/U ot W

(ke D(E+2) B

= “prx—gy BIPX=k+200)

P(X =k+1)
P(X = k)

P(X =k+2)

= (k+1) P(X =k+1)

(k+2)

= MgMp41-



Problem 4 Suppose that E[X] < co. Then for X = X in Problem 1, we obtain that

BIX)] = /Ooo P(X, > 2)dz = /OOOE[P(Xl > 2 (0)]dz

A o'
_ / E[P(X: > z|9)]dz+/ E[P(X) > = |0)]d=
0 A

A [eS) A
= / 1dz+—|—/ E[(5)%dz
0 A z
n>A My
= [ B e
A z
On the other hand,

BUSY) = [ N0

So it follows from (1) by inter-changing integrals (Tonelli’s theorem) that

1/2 n
ElX)] > /0 N o () A = Vdzdy

1

- y(nl_y — AV dy

1/2
— [Ny
0

> -2 v \Y AYd
> ; IeN) y

L2 1
+n"2 N fry.p) (y) ——dy
0 11—y
— 0OQ,
n—-m~oo

which leads to a contradiction. So E[X] = co.

Problem 5 Once more we see from Theorem 6.3.1 in Mikosch that

fipg = (1 —w)p+wX,

where
nA 1
= dX =~ X;.
v @+ nA an n; J
Here:
1.

p = E[u(0)] = E[Elexp(0 + 721) |0]]
= FElexp(0)E[exp(721) |0]]
PR Blexp(6) Blexp(rZ1)]
hint in Egl, Prob.4 E[exp(@) exp( 1 2)]

57’
int i X . 1
hint in E:47 Prob.4 exp(,u/ + 5(7_2 + 0_2))
1.70106.

%



A= Var[p0)] = E[( ()% — p?
= E[(u(9))] -
= Bllexp(0 >exp<172>>1 :
= E[(exp(29]exp( %)~
= exp(2u + 7%+ 20%) —
1.87714.

2
12

¢ = E[Var[X:1|0] = BIE[XT 0] - B[(E[X1]6])*]
E[Elexp(20 + 272,) |0]] — Elexp(26) exp(72)]
Elexp(20)Elexp(2721)]] — Elexp(26) exp(1?)]
Elexp(20) exp(27%)] — Elexp(26) exp(7?)]
exp(2p 4 20% + 272) — exp(2p + 20% + 72)
3.60216.

So
8-1.87714

R~ ~ 0.806536
3.60216 + 8 - 1.87714

and
g =(1—wp+wX ~ 4.46259 (in 1000 NOK).
Problem 6 (i) We know from Lemma 5.2.3 that

foly) P(Xy=z110 =vy)..P(X1=2,10 =)
P(X = (z1,...,20)") ’

fo(y| X =k) =

where
(1-y"to<y<l

and
PXi =z =y) = < f ) Yy (1 — y)k_””f (cond. binomial distr.),



We find that

P(X = (21,..,2,)) =
X1 = .’L‘l,...,Xn:.%'n)Z

(
E[P(X1 = z1,...X, =2,10)] Xjojzliid. given 0
(

X1 = z110)..P(Xy =x,10)] =

L5 ) om0

! (a+>2721 xj)fl(l . y)(bJrnku?:l xzj)—1 F(al + b/) F(a/)F(b/)

0 T(a)T () Y T(@ + )
. F(a + b) i k 1 a' — ’_ F(CL/ + b,)
“{Hw+wrmﬁ@11<%>54y =0 T

where
n n
a’ ::a—I—Z:Uj,b' = b—l—nk—ij > 0.
j=1 j=1
Hence,

P(X = (x1,...,xn)")

atb) o a1 k. .
sty 1(1—?/)“1_[(%)?;3(1—?;)’“ J

folyl X =Fk) =

_ J=1
T(a/)T(V') T(atb) Hn k
T(a’+V) T'(a)T'(b) et < x; )
j:
F(a/ + b,) 1 b —1
— N 1 —

which is the density of the Beta distribution for the parameters a’,b’ > 0.
(ii)
hp = E[M(Q) ‘Xla ey Xn] = (E[M(@) ‘Xl =21,..., Xp = mn])’g[:l:Xl,...@n:Xn :

6



On the other hand,
E[M(@) ‘Xl =T, ...,Xn = :L’n]

1
= / EX110=y] fo(y|X1=21,... Xpn =2xn)dy
0

expectation of a binomial r.v.

1 F(CLI +b/) o o
/0 ky)m?/ 1(1 - y)b 1dy
1

where a” :=a’ + 1.
As for the corresponding risk we know from Theorem 5.2.1 in Mikosch that

p(ip) = E[Var[u(0) | X1, ..., Xn]].

Since X is binomially distributed given 6, we see that
pn(0) = E[X110] = k0.

So

p(iig) = K*E[Var[0| Xy, ..., X,]].
From the hint and the fact that the conditional density of 6 is that of a Beta distribution
with parameters a’,b’ > 0, we get

Varl0 | X1 = x1,.... X, = ]
— alb//[(a/ + bl + 1)(@’ + bl)2]

= (a+ Zn:xj)(bJrnk - Zn::cj)/[(aJr b+ nk+1)(a+ b+ nk)?).
=1 i=1

Therefore, the latter implies that

pliip) = [(a—i—b—i—nk—{—1)(a+b+nk:)2]E[(a+jz;Xj)(b+nk?;Xj)]
]432
" [(a+b+nk+1)(a+b+nk)?]
x(a(b+nk)+ (b - a)E>_X;] - E[>_X;)%).
=1 j=1

7



Further,

n

hint a
E[; Xj] = nE[E[X: |0]] = nB[k6] = nk-— =
and
E[>_X;)]
j=1
= i E[E[X;X;|0]]
2,j=1
= Y EEX:|0] E[X; 0]+ ) E[E[X?6]]
i,j=1,i#j i=1
= (n®* —n)E[(E[X110])%] + nE[Var[X:|0] + (E[X1160])?]
= n’E[(E[X10)?] + nE[Var[X1|0]]
= n2E[(k0)*] +nE[kO(1 — 0)]
= (n®k? — nk)E[0%] + nkE[f]
= (k% — nk)(Var[0) + (E[0])?) + nkE[0)]
"2 (n2k? — nk)({ab/[(a+ b+ 1)(a + b)]} + ( p— b)2)
—i—nkﬂ
So
p(Bp)

k2
[(a4+b+nk+1)(a+ b+ nk)?|

w(a(b 4+ nk) + (b — a)nk‘%_i_b

—(n2k2 —nk)({ab/[(a + b+ 1)(a +b)*]} + (

)-

a+b)2)

—nk

a+b

Problem 7 (i) Define the process
-1t
Vi=1+ Y ][ 4itez
i=—00 j=i+1
We want to show that Y;,¢ € Z solves the recurrence equation
Vi=AY, 1 +1,1 €Z,

and is strictly stationary.



We see that

-2 t-1
AYii+1 = A1+ Z H Aj)+1

i=—00 j=i+1
t—2 t
= A+ Z H Aj+1
i=—o00 j=i+1
t—1 t t—2 t
= > ] 4+ > I 4+1
i=t—1 j=i+1 i=—o00 j=i+1
t—1 t
= > Jl4+1=x
i=—00 j=i+1

for all ¢.

Next, we have to check that the sum in the definition of Y; converges with probability
1. For this purpose, let us choose a ¢ € (0,1) such that E[log A;] < loge < 0 (since by our
assumption Eflog A;] <0 ).

On the other hand, the 4.i.d.-property of A; and the SLLN imply that

t
=1 A
[t — 1] Z log A; o Ellog A;]
j=it1
with probability 1, that is for a sure event Q*. Hence, for all w € Q* there exists a ig(w) such
that for all i <igp(w)

t
it —i| Z log A; < logec.
J=i+1
So
H Aj = exp(|t — | (]t - it Z log A;)) < exp(|t —i|]loge) = clt=il
Jj=i+1 j=i+1
for all i < ig(w). Therefore it follows for all —m < ig(w) (< ¢t — 1) that

t—1 ¢ t—1 io(w) t—1 io(w)
SHa- Y Hary Has Y I[a+
i=—m j=i+1 1=ip(w)—1j=i+1 i=—m j=i+1 1=ip(w)—1J=i+1 i=—m

geometric series

< Z HA+Z

i=ig(w)—1Jj=i+1 r>0
t—1 t

1

i=io(w)—1j=i+1

¢
So Zl_foo H Aj converges with probability 1
Jj=t+1



Next, we aim at verifying strict stationarity.
Claim: For all n > 1 and m <t and h € Z we have that

(3)

((As)m§s§t7 ceey (As)m§s§t+n—1) i ((As)m+h§s§t+h; vy (As)m+h§s§t+h+nfl)-

Let us w.l.o.g. show this for n = 2 and A > 0: In this case the characteristic function of

the left hand side of (3) is given by

[exp(

= Elexp(

= Elexp(

= Elexp(

for all A;, p1; because of the i.i.d.- property of A;,j € Z. So (3) holds.
It follows from (3) that

t t t+1

wrvry o = (2 T4 S ] 4

i=—m j=i+1 i=—m j=i+1

t—1 t t t+1
4 A. A
- ( J+h> j+h)
i=—m j=i+1 i=—m j=it+1
t+h—1 t+h t+h t+h+1

= (>, 1T 4 > 1I 4

i=—m+hj=i+l  i=—m+h j=i+l

—  (Yegn, Yirns1)
m—>0Q0

with probability 1. On the other hand, we know that
YY) = (YY)
with probability 1. Hence,
d
(Y1, Y1) = Yen, Yens1)
or (w.l.o.g.) more generally

d
Yoy oo Yirn—1) = (Ve oo Yeghpn1), (4)

which gives strict stationarity.
In the next step we want to show uniqueness (in the class of strictly stationary solutions):

Assume another strictly stationary solution Yt/, teZ. ThenY; — Y;, solves the equation

Zt = AtZt—l-

Iteration of this equation entails that

!

Y=Y = A A (Y — Vi)

10



for all 7 > 1. So

= Ay A ‘1/1‘/77; -Y;

—! -

v

Using the SLLN, we can show as before that

At~--At—i+1 — 0
1——00

with probability 1. On the other hand by using (3) and a similar argument as in the case of
the proof of strict stationarity we obtain that

d
Ap A i1Yi = Api A Vi

Here again
Atyi Aty — 0
1—>00

with probability 1. So for all € > 0 we have that

P(At---At—i—l-lY;f—i > 5) = P(At—l-i---At—l-lY;f > 8) — 0.

1—>00

So
At Apip1Ye—i — 0
1—>00

in probability. By assumption we know that Yt:Z 4 Yt, for all ¢. So

/ /
Yip — Y

—>00
in distribution. Since A;4;...A;41 — 0 with probability 1 it follows that
1—>00
At---AtfiJrl)/t_i — 0
1—>00

in distribution. Using the latter argument once more, we obtain that

At---At—i—l—l(Yt—i - Y;LZ) — 0

i——00

in distribution. Since || is continuous, we see that

o

% 0
i—00

= Ay A ‘Ytﬂ' -Y,,

in distribution. Thus for all € > 0
P()Yt—yt" Se) = 1—P(‘Yt—Yt" <e)=o.

So
Y, =Y,

with probability 1, which yields uniqueness.

11



(ii) Because of strict stationarity we know that

-1 0
itvo=1+ Y ][ 4

i=—o0 j=i+1

On the other hand, since
d
(A_pmt1, -y Ao) = (A1, ..., An)

we see that

-1 0 -1 0
d
> I 4= > II Aun
i=—m j=i+1 i=—m j=i+1
m 4
= 2 114
i=1 j=1

So letting m — oo, we get that

vy L S 4

i>1 j=1

Therefore we have for x > 0 that

PY, > z)=P(Yp>zx)> P(supHAj > )
n>1"

n

= P(Suleog A; > logx)

n>1 j=1

= P(supS, > logx),
n>1

where
n

Sn = Z Zj
j=1

for the 7.7.d. random variables Z; := log A; such that E[Z;] < 0, which corresponds to a NPC
condition in ruin theory.

Then we can employ the proof of Theorem 3.2.3 (Lundberg’s inequality) to the partial
sum S, and we get for x > 1 that

r

m(zx) = P(sg;l) Sy >logz) <exp(—rlogz) =xz"".
n_
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