STK4900/9900 - Lecture l

Program 915

1. Introdgction Jeémgmgﬁ.mbﬁo
2. Descriptive methods

3. Data and probability models

4. Normal distributions

5. Estimation and confidence intervals

6. Hypothesis testing and P-values

7. Robustness

8. Bootstrapping

*Sections 2.1 — 2.3
*Sections 3.1.1 - 3.1.3, 3.1.7 and 3.6
*Supplementary material

(cf. your introductory statistics textbook)



Basic idea

The basic idea for the development and evaluation of most

methods in statistics is to consi la as generated by a
_probability madel, and to jud@é ;Ee variabii'i:g;ol; thedata

'%gd\in relation to data generated from that
probability model.

— T ———— /_J\—?
Thus one has: H /’l‘ } >
g 7 +— =
* Actual empirical data, the sample, which is ofte
describe ical measures such as t)
and th€ standard deviation ) |

* A probability model cribing the distribution of the data,
rom which one ca the distribution of the numerical
measures used to summarize the empirical observations
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Descriptive methods

Measure the age of 19 mineral samples from the-Black Forest in’
‘Germany using potassium-argon dating

A

—

o

Age of mineral samples (million years)

249 254 243 268 253 269 287
241 273 306 303 280 260 256 °~‘o &

2r3 344 304 2383 310 n0(

«4—\
To summarize the data we may compute (e.g.) the
(emplrlc medlan and standard deviation:.

x =4276.9 X
g j —J/H—\—#(

med = 273.0

©-223 B v

(Formulas for X and s are given below)



Frequency

Age of mineral samples (million years)
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The distribution of the data may be illustrated (e.g) by a
histogram and by the empirical cumulative distribution (ecdf)

Histogram of age
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ecdf(age)

A boxploy giyes another

efulgraphical display
for a data set:

-

Other summary measures are the fiest,
quarti and the third quartile (Q3)

When we use statistical software (like R) to
compute the quartiles, the software rray
adopt some interpolations which make the
values of the quartiles differ somewhat from
those read directly from the ecdf
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Data L2

In general we consider observations Xx;, ... that are either:

* replications of the same measurement (as in the example)
’ ————— . —

e

or

* observations on a random sample from some population

Observations may(be numerical (as in the example) or E%ggica/

(e.g. gender) ‘

We focus on numerical data in the first part of the course

=




Empirical mean and standard deviation for numerical data:

4 —_—— ~

K:C)[(/é'")éj)f :lgxi = (-3[‘ @ 4-—)134- . +>(‘3)
S Meza (:C) @ i 4

— R R %,
e <

—_— T2
The summation sign Z,-zl means that we should put i =1,2,....,n
In the expression following the summation sign and add
together the n terms thus obtained
— ]
(’(l_\"_’)a'l - o - + CKIS_;)
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Random variables and distributions

Observations (measurements) can be more or less variable (precise)

To describe the variability, we consider the data as independent

replications of a randgm variabl y having a distribution describ
probability denSI(t x))or acumu atlve distributio cd

f(x) and F(x) are the theoretical counterparts to the histogram and the

ecdf, respectively ’] 2./
Example: Density and cdf for normaily di tfoRitdd r@rlable Wlth’6

(theoretlcal) mean 275 and standard deviation 25 “ ]
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It is not possible to predict exactly one realization of X, but itis
possible compute the probability that it falls in a certain mterval

SW ; Jjop(\dﬁ& -4
Pla< X <b) = f(a:)d:rzf_@—F(a)
oL —aof = QY

lllustration: )
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In practice statistical tables or statistical software (like R)
are used to find the probabilities -




— = - ( )
: @': E(X) = ["_af(x)dx Z’K'ﬁ(x \

T o ey
2 = var(X) = [~ (¢ — p$Pf(x)de | g2
» Standard deviation: o = sd(X) = /Var(X) B .é,-

— = —————
(The formulas above apply for a continuously distributed random variable. &—2’{
Similar formulas with sums apply for discrete random variables, e.g., counts.)

Properties ofgw and variance:
~—J| E(a+bX) =a+bE(X) )
S

EX AN ZEXFEY) g5,

—<Var(a +bX) =b*Var(X) Cé} ’() = | ~&/<) =4
Var(X +Y) =Var(X) +Var(Y) when X and Y aendent

&YIWI.) . éZ;(l) "éz\:\) = 7 fézfjw = Z&Z:(): J 10
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Law of large numbers

e
It is @ common experience that empirical means (i.e. averages) become

more precise as the number of observations increases

This empirical phenomenon has a mathematical counterpart in the law of
large numbers:

Suppose that x,, ..., are independent replications of a
random variable X with meanu_and standard deviation g, then

.Y—)M
==

as n increases

—

One also hasthat S — O as@ncreases

11



Normal distributions
The normal distributions will play a key role in the first part of the course

g
—

—=

A random variabl is normally distributed with mean p and standard

deviation o [short:XjWM’U )] If its density takes the form:

XN @‘//7




If a random variab@is normally distributed with mean _py =
O and standard deviation g = we say that Z Is standard

“Thormally distributed, i
, X ey A/ ( /4 ; 0“)
Two important results: técb *@ @\-(-Z‘{>

2 _j_’\f/'@)
1) If X~N(u,0°), then Z %~ N(0,1)
o

— ]

=

_2)J Suppose that x,, ..., X, areindependent replications _ X’U}
of a random variable X ~N(i,0%) | /Vf]

[we say that X, ..., X isarandom sample from the normal
disfiion Wi and standard deviatiof ob, Xf")( E:
thén X ~ N(u,0°7n) ~ ﬂ"“
e P
[

If the sample size is reasonably large, result 2 holds ‘}"_H‘ "

approximately also when x;, ..., X, IS a rand le ﬂo‘rﬂ ?
another distribution than the normal @it theorem) {11 o
R e B ‘—‘-
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Estimation = s

The purpose of an investigatiefl is often to use the data to
estimate an unknown quantity_6

—

jg may be a parameter describing the probability model
(e.g. the mean nyor the standard deviation o ) or a function ‘9
of the model parameters (e.g. the coefﬁuent of variation o/) AQ

—4
To be gpecific, consider the situation where the empirical
m@is used to estimate the mear@)f a distribution

It is then common to write U =X
-~ <
In the example with mineral samples, we estimate the age to

be =X =276.9 million years -
e e SEEE e
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In general we have an estimator 6 for the unknown(H j
e ———

Note that 6 6 is a random variable (since it depends on the data), and
hence we m may consider the expected value and the variance of 0

e

=
We will only consider estimators that ar e E H! =6 ,

(or that are @approximately unbiased) i.e. estimators that give  ’ \
(approximately) the correct value "in the long run"

=

Then the uncertamty of an estlmator may be measured b

se (9 Var 6
standard error ( ) \/ ( ) gglx‘ma(c
Consider the estimator ( = eSkM‘((\‘ X

X -
Its standard error is given by. \/_ g =7 Z643

In practice the standard error has to be estimated by replacing o

by the empiricgl standard deviatioﬂ : §
In the example with mineral samples, the (estimated) standard
error becomes S/\/_ =27.1/~19 -@| illion years 15
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Confidence intervals

The typical form of a confidence interval |m
( se(0) , 6 -@se(@) /

L “ﬁwg___/

where 56(9) IS the (estimated) standard error of the estimate

In general a confidence interval for an unknown quantas the form
(L U U ), where L and U are computed from the data

The gcmidefnce_caetﬁche_n@of a confidence interval is the

probability that the interval contains the unknown guantity:
P(L<O<U)=1-«a
1 ————

The confidence interval (*) may more briefly be given as

0 +c -se (é)

—

16



Confidence interval for the mean p
—

IS a random sample from N(u,o07)
ﬁ

Suppose that x, ..., X

n

¢ is defined (implicity) by X7
~S5
P(:c—c—< <xr+c- —)-1—04
N NG

One may find < from a table of the standard normal distribution
/"——-\

In particular for a 95% Cl we have (c = 1.96 -

& DS 2§

17



o _unknown ﬁg q/' Zﬁé( Z%j ./f 0

When g is unknown (as is usually the case), we may estimate o by
—— P

the empirical standard deviatio

A confidence interval

(058 )6)
b
/7
We now have to use the t-distribution with n -1 degrees of freedom

. — |o
to determine ¢ @ £, /\’"(oj ‘)
Caqq ~ A (o;_Q

For the example with mineral samples a 95% CI has limits:

— D —_—
276.9 - .10} 27.1/V19 = 263.8

s- Vo S

and
276.9 +2.10 x 27.1/V/19

T,

18



Hypothesis testing

General set-up:

b

* We want to test the null hypothesi§

versus the (one-sided) alternative hypothesis
* From the observed data we computegTest statisfic 3
S —— 2

 Based on the observed value of the test statistic, can we reject H,

e

L

(and hence conclude that H , is true)? ]

p~———ou———

The P-value is the probability, when H, Is true, that the test statistic
has a value equal to or more "extreme" than the one observed

This is usually done through the P-value é =
7 Ly

In other words we compute the evidence against H, (i.e. in favor of H,).

,—#—ﬁt
19



Test for the mean p
Suppose that x,, ..., X, IS a random sample from N(é@

—_—

We want to test the-ayll hypothesis H,: u <u, versys the

alternative H A ﬂ T ]

-

Again there are two situations:

o khown

We reject H, for large values of the test statistic

S —

D, = )

Under H, the test statistic is standard normally distributed

That can be used to compute the (one-sided) P-value: P = P(Z > z)
where Z ~ N(0,1) 20



(( Gsr’unknown

We reject H, for large values of the test statistic

s T — UQ
- GV \j
So/ (3\2(.'/\

Under H, the test statistic is t-distributed with n -1 degrees of freedom (df)

e ——

That can be used to compute the (one-sided) P-value: P = P(T > t)
where T is t-distributed with n -1 df.

R plpe e sl
Horee > H 2 Mo

X ”




Consider for illustration the example with mineral samples

We want to test the null hypothesis versus the

alternative H,: u > 265

We have x = 276.9, s = 27.1, ug
- gpa

This gives  ~ < Ufﬂg D

t2769265
= TCEEC

25 = L J¢
corresponding to a P- value of 3.6% /\

Therefore, we may reject the null hypothesis
and conclude that the area where the mineral 36/ (5/
samples were collected is older than pug = 265

million years.
O 72




To be aware of: Lately, there have been extensive discussions in scientific
journals and media about the misuse of P-values that has developed in
some fields - originating from misconceptions of what P-values mean
and how they should be used.

nature International weekly journal of science

Home | News & Comment | Research | Careers & Jobs | Current Issue | Archive | Audio & Video | For A

Volume 531 > Issue 7593

< &
Statisticians issue warning over misuse of P values

Policy statement aims to halt missteps in the quest for certainty.

Monya Baker

07 March 2016

23



The ASA's Statement on p-Values: Context, Process, and Purpose
The American Statistician 2016 Volume 70(2) pp. 129-133

The statement’s six principles, many of which address misconceptions and misuse
of the p- value, are the following:

1. P-values can indicate how incompatible the data are with a specified _
_ statistical model.

—

—

2. P-values do not measure the probability that the studied hypothesis is true, _
or the probability that the data were produced by random chance alone.

3. Scientific conclusions and business or policy decisions shoutd
only on whether a p-value passes a specific threshold.

4. Proper inference requires full reporting and transparency.

P

5. A p-value, or statistical significance, does not measure the size of an effect or

: ——————————
the impaortance of a result.
/ ——

6. By itself, a p-value does not provide a good measure of evidence regarding a
-——— B

model or hypothesis. — 24




Comparing two groups

Measure bone mineral density (in g/cm?) for rats given isoflavone and

for rats in a control group:

- —aaN

Cli)Contrgl (o =15)
0.228 207 0.234 0.220 0.217

—4 0.228 0.209 0.221 0.204 0.220

0.203 0.219 0.218 0.245 0.210
@_Isoﬂavone (no> = 15) .@

0.250 07237 U.21I7  0.200 ~0.247

—F 0.228 0.245 0.232 0.267 0.261

0.221 0.219 0.232 0.209 0.255

Question: Does isoflavone have an effect on bone mineral density?

Means and standard deviations:

71 = 0.2189 s; = 0.0116
D ——
7> = 0.2351 s» = 0.0188

r- L —

25



Suppose that the data for the two groups are random samples
from N(Mp(f ) and N(Mz,(f ) , respectively tCK vsg);{@ﬂ‘:ﬁ

We estimaty the difference in the (emplrlcalj‘c /
b ‘
means, i.e. ( .

Standard error (estlmated) se(Tp —T1) = SPJ (i T i) l‘l fﬁqéb
.

4="f‘)

ny—1
— S
Here Jl-l-nz— n1+n2—2 2

95% confidence interval for w,- u,

N
't

1

To—71 + ¢ - se(To — T1) xo;
o S - = {
where c is theger 97.5% percentile in the t-distribution

with @@

26



In the example the estimated effect of the treatment becomes:

@51— 0.2351 — 0.2189

Standard error: P ( -;(f X

se(x, - X,) =O.0156,/i+i =0.0057
15 15 ——
95% confidence interval: /

0.0162 +2.05 -0.0057
- r) — C )
i.e. e Xet———F— 1

QoS QP12 Q.02%5§
0.0162 =0.0117

- F

%

=4

/

27



We then consider testing the null hypothesis H, : u, =u,

. . T EE——.
versus the (two-sided) alternatife, : w, #u,
————e 4

Test statistic:

o> —T1 ~ O
t=—2 1 2.5
se(To> — T1) Y/

(
£ \
9?“'( ~2.05 O 2.08 o{;(

We reject H, for large values of |t|

Under H, the test statistic is t-distributed with n,+ n, - 2 df

That can be used to compute the (two-sided) P-value: P = 2 P(T >|t|)
where T is t-distributed with n,+ n, - 2 df.

In the example we have

0.0162
b= 50057 @ 7~
. 1

corresponding to a P-value of 0.8% 28
—_—




2 2

Remark: We have assumed equal variances in the two groups, o, =o; .
< ~—

This is often not reasonable, in which case a modification of the t-test is
appropriate, see for instance section 3.1.9.

e —

In our case, with n;= n,, there will be little change but with very different

You may compare the differences between the equal variance and unequal
variance t-test in the computer class.

29



2
Robustness /(((/{1 /o)

All statistical methods are based on some assumptlons on the
probability model used.

A method isit is valid also when the modeling
assumptions do not hold.
v \
The confidence intervals and tests we have considered

assume that the observations come from normal

distribution(s).

~

It turns out, however, that the methods are quite robust to the

normality assumption when the number of observations is

reasonably large. —
; ﬁ

This is due to the central limit theorem.

——

—

30



Bootstrapping

However, with very small data sets robustness need not hold.

= ——
One remedy is “bootstrapping”: e
y ppIng X ( e
L . ¢
 Resample with replacement from original data_ ) €0
* Calculate statistic on this bootstrap data set 7@" < N
. : : \ %, X X
Repeat previous 2 steps B (say 1000) times ; 7/ e X
e Sortthe B ' - — - \:V
* Bootstrap (percentile) 95% CI from 2.5 percentile to 97.5 5
percentile of bootstrap estimates >
. “ lo oo
Very general approach, can be used toward any statistic.
Computationally more demanding.
| o BB ——
More and more often implemented in statistical software. .
S XZ} A
Better CI's than the percentile interval exist. e ¥ /j@ ‘“5&9’
- Z'/\) e o .. X/§°3j)



Example: Age of minerals

On slide 18 we found 95% CI = (263.8,290.0) using the t-distribution

- —
In comparison, bootstrapping with B=1000 bootstrap samples, | obtained
the interval (266.3, 288.9)

The bootstrap intervals are sampled and will differ somewhat when
repeated
On slide 3 we found the median of these data to be 273.

Bootstrapping can be also be applied to find a CI for the median.
| obtained the interval (256, 287)
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