STK4900/9900 - Lecture 3

Program

Multiple regression: Data structure and basic questions
The multiple linear regression model

Categorical predictors

Planned experiments and observational studies

W

*Section 2.5

*Sections 4.1, 4.2 (except 4.2.4), 4.3 (except 4.3.4-5)

*Supplementary material on planned experiments and
uncorrelated predictors



Data structure and basic questions

Data have the form:
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predictors (covariates)
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* Study the effect of one Eredictor while adjusting for

the effects of the other predictors

* |dentify important predictors for an outcome

* Predict the outcome for a new unit where only the values

of the predictors are available
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Example: We have data on the diameter (in inches 4.5 feet above ground level),
height (in feet) and yolluxe (in cubic feet) of a sample 'trees from a forest in the
US. We want to study how the volume of a tree is related to its 3 its diameter and height
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R-commands:
trees=read.table("http://www.uio.no/studier/emner/matnat/math/STK4900/data/trees.txt" header=T)

plot(trees)
- ——




For the tree data we may fit a simple linear regression model with
volume as the outcome using either diameter or height as the covariate

Height as predictor:

R-commands: «

fit. height=Im(volume~height, data=trees)
summary(fit.height)

R-output (edited)
Estimate Std. Error
(Intercept)

height

Diameter as predictor:

R-commands:

fit.diameter=Im(volume~diameter, data=trees)
summary(fit.diameter)

R-output (edited)
Estimate Std. Error
(Intercept) -36.94 3.37

diameter 0.25

Multiple R-squared:




Multiple linear regression

‘é[:ﬁ@)*g

Data: (yl, 11 Xoireees X i =1,..,n 7 T

y, =outcome for unit no. i

x; =predictor (covariate) no. j for unit no. i

Model: /3’{_’)\ -
@ =E(y, |x) +¢,

_/50+/3)1X11+/32X +. ﬁpxp1+€
=
random part
(noise)

systematic part
(linear predictor)

Here X ( 11’ 21’ pl)

The Xx,'s are considered to be fixed quantities, and the

£'s)are independent error terms that are assumed to be
0,07)-distributed
—#—_—4




Interpretation of regression coefficients

IS the change in for an increase of one unit in the
covariate @ holding all other covariates constant

The effect of each covariate in a multiple linear regression model is

—

adjusted for the effects of all the other covariates in the model

B

4 ( >
Least squares (:Z‘ 7 ,é) ’:—L”
Also for multiple linear regression do we use the method of least
squares, I.e. the estimates Pos B+ B, are obtained as the

values of bo,bp----,bp that minimize the sum of squares




For the tree data we may fit a multiple linear regression model with

volume~as the outcome ammdbothrdiameter and height as

o) ors
R-commands:

fit.both=Im(volume~diameter+height, data=trees) )

summary(fit.both)

R-output (edited):
Estj
(Intercept)
~diameter
- height

Volume ={J,Jh 1"(\3 dewdler ‘%}54{45

J

e I (

_ H:B =0
. Eror 4B 4o

0.264 17.82 < 2e-16

-

0.130 2.61 0.015

Residual standard error: 3.88 on 28 degrees of freedom

Multiple R-squared: 0.948

Note that the effects of diameter and height are modified when

agjusted for the effect of the other




The regression model is linear in the parameteré b, 2)
____—g —

But the model allows for non-linear effects of the covariates

_— e —

For example we may for the tree data include a quadratic term
for diameter, i.e. we may consider the model:

volume = ‘@+ B, dia%neter + ﬁg_(diameter)z + B, height + ¢

| for Inhibit
(interpretation)

R-commands:
fit. both=lm(volume~diameter+I(diameter*2)+height, data=trees)
summary(fit.both)

R-output (edited):
Estimate  Std. Error tvalue  Pr(>[t])

(Intercept) -9.92 10.08 -0.98
—» diameter -2.89 1.310 -2.20 0.036
—s4 l(diameter*2) 0.269 0.046 5.85 313e-06
height 0.376 0.088 4.27 0.00022

Residual standard error: 2.63 on 27 degrees of freedom

Multiple R-square .

——



Transformations

e

Sometimes it may be useful to perform the regression analysis [yt 4
based of transformations of the outcome and/or the covariates Vbcj.,e

The formula for the volume of a cone indicates that the volume ¢
f'____# . . 2
a tree is (approximately) proportional to height X(diameter)

—

This suggest the linear regression model:
log(volume) =/, + £, log (height)+/52 log(diameter) + ;

R-commands:
fit.log=Im(log(volume)~log(height)+log(diameter), data=trees)
summary(fit.log) o

2
- dited) ,@3@7@}(%4{[{3—
-output (edited):
P Estimate  Std. Error  tvalue  Pr(>|t|) iﬂ’gﬁ ({’)@é’j (y
AN

(Intercept) -6.63 _ 0.800 -8.29 5.06e-09

~ log(height)  CL12D 0.204 (5.46) 7.81e-06 )&"71
sz

log(diameter) 0.075 264 < 2e-16

Residual standard error: 0.117 on 28 degrees of freedom o)
Multiple R-squargg; 0.9/8 )

: LA ;




Fitted values and residuals

In a similar manner as for simple linear regression, we have:

_Fitted values: .’/30 +/51 X +B,x, 4 Xy .- <

Residuals: I —

‘Sums of squares #z
—

(total sum of squares)

(model sum of squares)

(residual sum of squares)

Decomposition; 155 =MSS5 + RSS

—
10



Coefficient of determination

The coefficient of determination is given as for simple linear

regression:
—_—

MSS
1SS

RZ

This may be interpreted as the proportion of the total variability in the
outcomes that is accounted for by the predictors
— S >

The multiple correlation coefficient is given by

r =+ R’

QOne may show that this is the Pearson correlation coefficient between
the outcomes (Y;) and the fitted values (V)
—_——
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Residual standard error 9 @ *ﬁ“w v

Unbiased estimator of , ;

Var(e) —sy|X

Syx is the residual standard error

———

The denominator is

@:n - (p+1)
—number of observation -

This is the residual degrees of freedom (df)

r—

—
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Standard error of the estimates

N

The variance of f; is estimated by :

Here XJ _Zl— (Xﬂ;_)f_)__f(_n_ﬂ. IS the sample variance of the X,'s

===SS—=——

and IS the multlple correlation coefficient for a multiple linear
regression Where Xjis regressed on the other predictors in the model

Standard error:  se(f3;) :;ZVQT(/J)J-)

Formula (*) is similar to the one for simple linear regression

The formula shows that @ecomes@rger if x; is
correlated with the other preaTctors In the model

(**) The rj2 used in (*) is different from those in Exercise 5 13



Hypothesis tests

Overall test

Consider the null hypothesis that none of the predictors have

an effect , i.e. the null hypothesis H,: 5, =f, =... =f, =0

_ o TR Aot Lam O
Test statistic s N
T @7":17}/ a<le!
./5{\;72,/

— i —
We reject H, for large values of F 5,\

>

The test statistic is F-distributed with p and n—p -1 df under H,
- ==~ —

This is a generalization of the F-test for one-way ANOVA

14



Test for the effect of gsingle predictor )

Quite often it is not very interesting to test the null hypothesis
that none of the covariates have an effect

It may be of more interest to test the null hypothesis
versus the alternait¥g: 5, #0

To this end we may use the test statistic

We reject H, for large values of| ||

Under H, the test statistic is t-distributed with n—p — 1 df




Confidence intervals

95% confidence interval for f3; :

+c -se(/;’j)
"Co.j‘}zg/-g‘

where c is the upper 97.5% percentile in the t-distribution

with n —p — 1 df -

Note that the confidence interval is the same as for simple linear
regression, except for the degrees of freedom

16



Binary categorical predictors

For the tree example both predictors are numerical
?

In general the predictors in a linear regression model may be

numerical and/or_categorical = —
——— — .

However, special care needs to be exercised when using
categorical predictors

—_— - ‘
For ease of presentation, we start out by consideringa___ { 7‘% P

@I e. a categorical predictor with only g/‘(

_two levels (female/male, treatment/control, etc) aa[ﬁa.a‘
- o ¥~?
This corresponds to the situation where we compare two X

groups_

We assume that the data for the two groups are random samples
from N(ul,af) and N(uz,U:), respectively

F eV - <
We will reformulate the situation as @ regression problem
N—

17



Example:

In Lectures 1 and 2 we considered a study of bone mineral density
(in g/cm?) for rats given isoflavone and for rats in a control group ~
P g:ﬁ.

—
=

We then usedd the corresponding confidence interval to

study the effect orisoflavone =

KRIs~2 =
/")‘rweﬁg

R-output:

Two Sample t-test

._treat and cont =
T

alternative hypothe5|s true dlf'ference in means is not equal to O

95 percent confidence interval:

— - 0.235/+
Seeimey LI g, Sy
N — —. = C._ 540
mean of x nean ofy 3€&€*><,) ; {/
@ 0.22te
0'252/ - 8
_/1/‘44 5 /t’ — (;‘.iln 4?, ‘




First reformulation as a regression problem

The observations may be denoted (withn=n, +n,):
Group 11 y, ¥, ¥

— (&, 9 By Gy -y S
row 2 YTy, o B )
” )
We introduce the binary covariate *=(®,-. /.., & 4, > _ {)
|0 fori=1,2,..,n (group 1, reference)
@_ 1 for i =n, +1,...,;‘ (group 2)
Then we may write Xo2e 2 Yo =M e

. Ke2d Y s 8 A £
i =1,2,....,n J ]%%"/‘( &

Vi = (U, = ) X, + &

where the £'s are independent error terms that are N (0,07 )-distributed

e eee———————————— 9‘*

This has the form of a simple linear regression model with Yo

@ u, =expected outcome in the reference group

3—‘ :@‘, +ﬁl '(‘: #%‘k
@ u, - w, =ditference in expected outcome ‘ 19



R-commands for bone density example:

bonedensity=
read.table("http://www.uio.no/studier/emner/matnat/math/STK4900/data/bonedensity.txt",header=T)

bonedensity$group=factor(bonedensity$group)
Im.density=Im(density~group,data=bonedensity) (J, / ¥/L'
summary(Im.density)

R-output X =X
-output: ~ — \
P 5e(% K

Est Std Error  tvalue Pr(>|t|)
(Intercept ) 0.00402
group?2

5
f

Residual standard error: 0.0156 on 28 degrees of freedom
R

Note that we define "group" to be a categorical covariate (or "factor")

The intercept is the mean in group 1 (the reference group)

The estimate for group?2 is the difference between the means in the two

groups —
The t-value (2.844) and p-value (0.0082) equals the t-test 20

—_—




An alternative reformulation as a regression problem

—

We may write the model as

w +¢  fori ingroup 1 )
l for i in group 2

M2+‘9

u+ (/,L u)+e,  fori ingroup 1
Yi == . -
u+ (M - M) ¢, fori in group 2

21



We now introduce the covariate
_{_1 for i =1,2,..,n,  (group 1)

i f—

-1 fori =n,+1,..,n (group 2)

Then the model may be written

Yi :ﬁ+(ﬂl B ﬁ) "X; +8,- I :1,2,....,n
— a

This has the form of a simple linear regression model with
B, =u =grand mean

@: w, - u =deviation from grand mean in group 1

22



R-commands for bone density example: f‘ A JWV Z.

options(contrasts=c("contr.sum","contr.poly")) R S J’r:\() VA
Im.density.sum=Im(density~group,data=bonedensity) /-()—-
summary(Im.density.sam)

g22d9 —
R-output: q.098 (

Estimaie___ Std. Error  tvalue Pr(>|t]) m
(Intercept) £0.2270_H. 0.00285  79.70 <2e-16 - g9 X
groupl 00081 ) 0.00285 " -2.844) 0.0082 0.2¢ 7\

em—————_—
Residual standard error: 0.0156 on 28 degrees of freedom ac; 2.5 &)

We get the formulation on the previous slide by using "sum-contrast"

The formulation on slide 19 is denoted "treatment-contrast” and is
specified by the command:

&
options(contrasts=c("contr.treatment","contr.poly")) ~ 7 Z
he intercept estimate is the "grand mean” el

The groupl estimate is the difference between the mean in groupl
and the "grand mean"

Treatment-contrast is default in R and we will stick to it in the following.
ﬁ
But note that other software may use sum-copirast as default 23




Multilevel categorical predictors © ¢
J P — A G CYH
We then consider a categorical predictor Wit@levels )

This corresponds to the situation where we comparm

T——F

We denote the observations for all groups combined by

Yis Yoo Yy @é ‘/%z/ T (aﬂ'/ 34*"' l"'/th"‘eygm‘.nf"/'%‘h:“.;’)
Here the first n, observations aré from group 1, the next n,

Wrom group 2, etc. .

We assume that all observations are independent and that the

observations from group k are N E:;i’cf )-distributed

We will reformulate the situation as a regression problem

——

24



Example:

In Lecture 2 we considered an experiment weg ats were
randomly allocated to four different diets, and thé blood coagulation

time (in seconds) wefe measured for each animal

—
Diets (treatment)
2 T
62 N —
60 61 66 6‘) g - )—l—
63 71 71 60
— i T
59 64 67 61 = ——
65 68 63 g
66 68 64 — !
63 1
59

(éf{O_f\'f;-l-ﬁf;é‘) ‘\‘—/’z‘@@@@
Z

We will study the effect of diet on the blood coagulation time

T —

25



YN s Ve

Reformulation as a regression problem °<2 Qo e 7%

520 74
Wit groups we need to introduce K-1 predlctor variables
/4' — e )
¢ f;f,’ 3 ) 1 fori in group 2
/(( V.9 X = .
C A- 0 otherwise

Y

{1 for i in group 3 —* s S -
X2i —

0 otherwise

1 fori in group K
Xe.p: =
M1 0 otherwise

Note thatall X; =0 for i in group for 1, which is the reference graup
; —

—

26



4 obs W &éys ok s Z’(E)
}o o-/[cfb/t_(

Then we may erte / P
j, ?‘) m (\/@:"'* A"

— U, +(M2 Ml) "Xy +(M3 Ml) "Xy, +°"+(MK - Ml) "Xgo1 + ¢,

where the €'s are independent error terms that are N(0,07)-distributed

/
—

This has the form of a multiple linear regression model with

(expected outcome in the reference group)
— — s <

(difference in expected outcome

between group j +1 and the reference)

a ———
/ ——

27



R-commands for blood coagulation example:

rats=read.table("http://www.uio.no/studier/emner/matnat/math/STK4900/data/rats.txt",header=T)
rats$diet=factor(rats$diet)

fit.rats=Im(time~diet,data=rats) oo o — /olgg
e
summary(fit.rats) %‘éﬂ OO ? O o
anoval(fit.rats) \© D
Q| O
- R-output (edited): .
tvalue Pr(>|t]) /
51.55 < 2e-16 Qo

Residual standard error: 2.366 on 20 degrees of freedom

Multiple R ared: 0.671, Adjusted R-squared: 0.621
. e —t——
F-statistic on 3 and 20 DF, p-value: 4.66e-05 :{:
5 L ——— —_—— e —

Analysis of Variance Tahle 3 ;%@

Df SumSqg MeanSq Fvalue__ Pr(>F)
diet 3 228 760 4.66€-05
Residuals 20 112 5.6

We get a more detailed picture than in Lecture 2 28



Planned experiments and observational studies

The methods for multiple linear regression are valid both for planned

exper/ments (Where the values of the predictors are ugder the cog;g

—_—_—
of the experimenter) and observational Studies (Where we condltlon

—_—

ont the observed values of the pr edlctors) yK

But the Interpretation of the results is more complicated for

observational studies, as we will now discuss
R ——

We start out by considering the situation with two covariates:

/ \

29



Planned experiment [Observational study
Planned experiment X4

F@ brands of cigarettes the content

of tar, nicotine, and carbon monoxide
has been measured (details)

0.5 1.0 15 2.0
L

N
Aar R L
47 60 67 | :
o ;..:: nicotine e -,
P - o

An experiment has been conducted L )
to study how the_extraction rate of a . . .
certain polymer depends on temp- @ co |
erature and the amount of catalyst . . .

used. The extraction rate was S D e e

recorded twice for each of three__ " wh )
levels of temperatures and three € want to study how the amount

levels of the catalvst N cemitted from the cigarette
Y — smoke depends on the content of

/_

tar and nicotine _

30



http://mste.illinois.edu/malcz/DATA/SOCIALSCIENCE/Cigarettes.html

Estimate Std. Error

Polymer example

' A Residual standard errgr. 10.15
* The estimates are the same in Multiple R-squaredf 0.141

the model with two predictors.

(Intercept) 25.39 17.74
temp Q475 0.293

" as they are in the simple linear Estimate  Std. Error
Tegression models with only (Intercept) ~ -13.61 8.73
— : . cat 112.50 14.42
one predictor at a time — —_—

— _ Residual standard error: 4.99

* R2 for the model with two Multiple R-squared @

predictors is the sum of

R? -values for t 0
Wmodels_ Fefeor-
) (Intercept)

* The reason is that the two temp
redict cat :
2 2 2
dé -Lﬁ = K& Residual standard error;_2.92
A Z i /‘_\
Multiple R-squaredg0.933

polymer=read.table("http://www.uio.no/studier/emner/matnat/math/STK4900/v11/polymer.txt",header=T)

31



Cigarette example

Note that;

* When only nicotine is used as

predictor, it has large effect on CO

* The effect of nicotine disappears

when adjusted for the effect of tar

e The reason is that the two

predictors are strongly correlated

_—%

Estimate Std. Error

L66 0.99

0) 1.05

Residual stadard error: 1.83
Multiple R-squared{{0.857 3™\

(Intercept)
nicotine

s,

N\
Intercept)
tar

Estimate Std. Error
2.74 0.68
Residual standard errok.
Multiple R-squared{{(

0.05

40

Residual standard error: 1.4
Multiple R-squared

Estimate td.
Error
(Intercept) 09 0.84
nicotine 3.79
tar 0.96 0.24
==

~—
cigarettes=read.table("http://www.uio.no/studier/emner/matnat/math/STK4900/v1Ifffarettes.txt",

header=T)

32



Planned experiments and uncorrelated predictors

For planned exlgeriments one may choose the values of the
prédictors so that they are uncorrelated. This is also called

—erthiogonality
Orthogonality is a W

=r  +r-+...+
rr\rp r.

J
* R2isgiven as i 4 where s the
Pearson corrn between predictor j and the outcome

* The estimates are the same as obtained by fitting a simple_
linear regression for each covariate. .

- < se

)
e The standard errors

are typically smaller (cf. slide 13)
’_-;,—A

* Therefore, shorter canfidence intervals and more premse
predictions may be obtained

—_—




Observational studies and correlated predictors

For observational studies the predictors will be correlated

Then, as illustrated above for two covariates, t

covariate may change when other covariates areinciuded In the
model — e

Therefore special care has to be exercised when analysing data
from observational studies

We will have a closer look at this in Lecture 4
-

34



Randomization

———
m— S —
e — —

Another difference between planned and observational studies is that
for planned studies we are able to randomize which study subjects
receive different treatments.

cd

—

For instance, comparing a proposed treatment with a placebo

treatment we at random select n/2 individuals that get the proposed
e e . ——

treatment and the remaining n/2 get the placebo.

/

This way there will be no Ic Initial difference between the two
groups and a difference in outcomes between treatmenrt-groups can,

due to the randomization, be attributed to a causal effect.

G———F

35



In an observational study randomization wi e possible and
observed differences between groups can i.e. due to
irftiarch ces between the groups. d

e

These initial differences will be then be correlated with the groups that
we want to compare. Thus this is related to the discussion of

correlated covariates and confounding in Lecture 4.
/_\

—

36



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36

