12.4 Solutions

Section 1.1
1 Setting prer=0.00002 Pa and p=100 000 Pa in the decibel expression we get

P 100000 10°
201 =201 — | =201 _
Ologig <pref> 0logig (0.00002) Ologig (2 x 105

1010
= 201log;, <T> =20 (10 — logy( 2) = 194db.

Section 1.2

1 sin(27w4t) has period 1/vq, while sin(27vst) has period 1/v5. The period is
not unique, however. The first one also has period n/vy, and the second also
n/va, for any n. The sum is periodic if there exist ny,na so that ny /vy = navs.
Then this value will be a common period of the two functions, which also will
be a period of f. This amounts to that v1/vs = ni/ng, ie. that vi/vs is a
rational number.

Section 1.3

1 The function f(t) = %

z = t=1/2 can be used since it has the properties

T T T
/ f@®)dt = lim / t712dt = lim {Qtl/Z]
0 z—0+ /. z—0+ x
= lim (27"/% — 22'/?) = 21'/?
x—0+
T T .
20, _ 1 —1g _ 1
/0 f@)°dt = zl_l)%l+ ; tTdt = 11_1>1(1)1+ [Int],
=InT - lim Inz = oc.
r—0+
Section 1.4
2 For f(t) =t we get that ag = % fOT tdt = L. We also get
9 [T
ap = —/ tcos(2mnt/T)dt
T Jo
2 ([T oo o7
=% ([mtsin(%mt/T)L - %/0 sin(27mt/T)dt) =0
9 (T
b, = —/ tsin(2mnt/T)dt
T Jo
2 T oo T T
=—| |-t 2mnt /T — 2mnt/T)dt | = ——.
T([ S cos(2mnt/ )L_'_Qﬂ'n/o cos(2mnt/T) ) —
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The Fourier series is thus
T T
- — —sin(27nt/T).
2 Z ™ ( /T)
n>1
Note that this is almost a sine series, since it has a constant term, but no other

cosine terms. If we had subtracted T'/2 we would have obtained a function
which is antisymmetric, and thus a pure sine series.

For f(t) = 2 we get that ag = % fOT t2dt = %2 We also get

9 (T
an = f/ t? cos(2mnt/T)dt

= ({ﬁ sin( 27mt/T)I: - / tsin( 27mt/T)dt>
() (5) -

9 (T
b, = —/ t?sin(27mnt/T)dt
T Jo

2 T oo T
=% ({—mﬁ cos(27rm§/T)}0 + %/0 tcos(?wnt/T)dt)
T2
=

Here we see that we could use the expressions for the Fourier coefficients of
f(t) =t to save some work. The Fourier series is thus

2 2 2
% +> (% cos(2mnt/T) — % sin(27mt/T)> .

n>1

For f(t) = t® we get that ag = f t3dt = 3. We also get

- %/ t3 cos(2mnt/T)dt

{—t?’ sin( 27mt/T)r

3T
0 2mn

T
? t? sin(27rnt/T)dt>
T2\ 378
) 2m2n?2
3
T
_2
T

3 sin(27nt/T)dt

n

Togr 7
= < ——t3 cos 27rnt/T)] + C— t? cos(27mt/T)dt>
n
:L

0 ™ Jo
37T T2 T3 373

Sl e S T
2mn m2n? ™ 2m3n3
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Also here we saved some work, by reusing the expressions for the Fourier coef-
ficients of f(¢) = ¢2. The Fourier series is thus

T3 373 T 3T\
T + Z (W cos(2mnt/T) + (** + ) SID(QWnt/T)) .

m™m  2m3n3
n>1

We see that all three Fourier series converge slowly. This is connected to the
fact that none of the functions are continuous at the borders of the periods.

3 Let us define ay, i, by, as the Fourier coefficients of tk. When k > 0 and
n > 0, integration by parts gives us the following difference equations:

9 [T
Uy = —/ t* cos(2mnt /T)dt
T Jo

T T
2 T kT
=7 ({mtk sin(27mt/T)}0 ~ 2 o th=1 sin(27mt/T)dt>
kT
=——Dbp -
2mn !

9 [T
bpr = —/ t* sin(2mnt /T)dt
) T O

2 T . Towkr (T,
= |-= 2mnt)T —— 2mnt /T
T ({ 27rnt cos(2mnt/ )L + 27m/0 t"" " cos(2mnt/T)dt
TF kT

+ QAp —1-
o2

™

When n > 0, these can be used to express a, k, by in terms of ay, o, by, 0, for
. k
which we clearly have a, o = b, 0 = 0. For n = 0 we have that ag = kT—H for

all k. The following program computes a, k, by 1 recursively when n > 0.

function [ank,bnk]=findfouriercoeffs(n,k,T)
ank=0; bnk=0;
if k>0
[ankprev,bnkprev] =findfouriercoeffs(n,k-1,T)
ank=-k*Txbnkprev/ (2*pi*n) ;
bnk=-T"k/ (pi*n) + kx¥Txankprev/(2*pi*n) ;
end
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Section 1.5

1 For n; # ng we have that

; ; 1T, . 1 [T
<627r7.n1t/T7627r7,n2t/T> _ 7/ esznlt/Te—QTrznzt/Tdt _ 7/ 62772(n1—n2)t/Tdt
T 0 T 0
T
— T erri(nl—nz)t/T
27ri(n1 - 712) 0
_ T T _0
C2mi(ng —ne)  2mi(ng —mno)
When n; = ny the integrand computes to 1, so that [e?™*/7|| = 1.

3

a We have that

cos™ () = <%(e” + e*“))n

sin™ (1) = <2li(e“ - «r“))n

If we multiply out here, we get a sum of terms of the form e***, where —n <
k <n. Aslong as n < N it is clear that this is in Viy 2.

b We have that

1, . .
cos(t) = 5(6” +e ')

1 . . 1 .. 1 1 .
COSQ(t) — 1(ezit + e—lt)Q — Ze2zt + § + Ze—Qlt

1, , 1g, 3. 3 _, 1 .
COSS(t) — g(ezt + e—zt)?) — g63115 4 gezt + ge—zt + ée—Szt.

Therefore, for the first function the nonzero Fourier coefficients are y_; = 1/2,
y1 = 1/2, for the second function y_o = 1/4, yg = 1/2, yo = 1/4, for the third
function y_3 =1/8, y_1 = 3/8, y1 =3/8, y3 = 1/8.

¢ In order to find the Fourier coefficients of cos™(t) we have to multiply out
the expression 5 (e’ + e~")". The coefficients we get after this can alos be

obtained from Pascal’s triangle.
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4 We obtain that

1R /T |

—2mint —2mint

Yn = = / e dt — - / e dt
T Jo T )1

T/2 T
S e~ 2mint/T ! 11 T o—2mint/T
T | 2min o T | 2min /2
1 ) )
= e ™M 1 1 — e TR
2min ( ¢ ti ¢ +)
1 —min 0, if n is even;
= —0 (1 — € ) = . ) ) .
min 2/(min), if nis odd.

Instead using Theorem 1.26 together with the coefficients b,, = W we
computed in Example 1.18, we obtain

1. {07 if n is even; {O, if n is even;

1
n = 5(an —iby) = —2 . . = . . .

Y 2(a n) 2’ 4/(nm), if nis odd. 2/(min), if n is odd.
when n > 0. The case n < 0 follows similarly.

6 For f(t) =t we get

T T T
Yn = l/ t€—27'rint/Tdt _ l _ T te—Zfrint/T +/ T e—27rint/Tdt
T /o T 2min 0 o 2min
T T

- = —.
2min 2mn

From Exercise 2 we had b,, = —%, for which Theorem 1.26 gives y,, = %z for

n > 0, which coincides with the expression we obtained. The case n < 0 follows
similarly.
For f(t) = % we get

17T . 1 T /7] nr ;
_ - t2 —Qﬂznt/Tdt _ - _ t2 —2mint/T 2/ t —27'rznt/Tdt
= /0 ‘ T\ | 2rin © sy 2w

o7 T T?

=—5—— T = + 1.
2min  2m2n? 272n? 0 2mn

From Exercise 2 we had a, = WZ—:Z and b, = 777;—2, for which Theorem 1.26

gives y, = % (75;2 + zT—z) for n > 0, which also is seen to coincide with what

™
we obtained. The case n < 0 follows similarly.
For f(t) = % we get

I , 1 T . . T T ,
_ - td 727rznt/Tdt _ - _ td —2mint/T 3/ t2 727rznt/Tdt
In =T /0 ¢ T omin. 0 + 0 2min ¢
T3 T T2 T2 | T3 T3 T3 .
=——+3—( —i)=3—— —— — =
2min 2min 2m2n2  27n 47m2n?2 2mn 473n3
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. _ 37’ _ T3 373 :
From Exer.(:lse 2 we had a, = 5535 and b, = — - + 55,7 for which Theo-
rem 1.26 gives

1 313 L T3 373 373 N T3 373\ .
n=5\5 3.3 7' — — = — — —= |
Y 2 \ 272n? mn  2m3n3 4m2n2 2n  4m3n3
for n > 0, which also is seen to coincide with what we obtained. The case n < 0

follows similarly.

7

a If f is symmetric about 0 we have that b,, = 0. Theorem 1.26 then gives
that y, = %am which is real. The same theorem gives that y_,, = %an = Yn.

b If f is antisymmetric about 0 we have that a,, = 0. Theorem 1.26 then
gives that y,, = f%bn, which is purely imaginary. The same theorem gives that

Yoy = %bn = —Yn.

¢ When y,, = y_, we can write

Y 2T Ly 2mint /T _ yn(e%rint/T " e&m‘nt/T) = 2y, cos(2mnt/T)
This is clearly symmetric, but then also Zng N Yne2mimt/T
it is a sum of symmetric functions.

is symmetric since

d When y,, = —y_,, we can write
y_neQﬂ'i(—n)t/T + yn€27rint/T _ yn(_eQﬂ'int/T + eQﬂ'int/T) _ 2iyn sin(27rnt/T)
This is clearly antisymmetric, but then also 22]:_ N yne2mint/T
since it is a sum of antisymmetric functions, and since yo = 0.

is antisymmetric

Section 1.6

1 The 2nth complex Fourier coefficient of f is
1 fer

- ¢ t —27ri2nt/(2T)dt
o | e

2T

1 T —2mint/T 1 —2mint
_ Tin 2T — mint/T .
2T/O f(t)e dt + oT |, f( t)e dt

Substituting u = 27" — ¢ in the second integral we see that this is

I omint/T I ominu/T
- t)e2min dt — — minu/T g
57 [ F0e 57 [ ST

I 2mint )T 1T 2mint )T
- /O F(t)e - /O F(E)e2mimtT gy

11
= 5Yn+ 5Y-n:

Therefore we have as, = Y — Y—n-
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Section 1.7
1 We obtain that

Yn = l /T/4 6727rint/Tdt _ l /T/4 6727Tint/Tdt _ l /T/2 672”7”/Tdt
T —T/4 T -T/2 T T/4
1

T/4 —T/4 T/2

6—2777,nt/T:| e—27r7,nt/T:|

I l— - 6—27rint/T
2min —T/a 2min —1/2 2min
1

_ i (*677”71/2 + 677271/2 + ernn/2 — e 4 o= Tin _ 6771’271/2)
2min

T/4

= % (2sin(mn/2) — sin(mn)) = % sin(7n/2).

The square wave defined in this exercise can be obtained by delaying our original
square wave with —7'/4. Using Property 3 in Theorem 1.36 with d = —T/4

0, if n is even;
2/(win), if n is odd.
obtained for the square wave in Exercise 1.5.4, we obtain the Fourier coefficients

on the complex Fourier coefficients y,, = which we

(2min(T/4)/T 0, if n is even; _ O,» ' if n is even;
2/(min), if nis odd. Zisin(mn/2) - if g is odd.
], if n is even;
- 2 sin(mn/2), if nisodd.

This verifies the result.

2 Since the real Fourier series of the square wave is

4
— sin(2mnt/T
Z 7msm( mnt/T),

n>1,n odd
Theorem 1.26 gives us that the complex Fourier coefficients are y,, = f%i% =
—f—; ,and y_, = %zﬂi‘n = % for n > 0. This means that y, = —7% for all n,

so that the complex Fourier series of the square wave is

-3 20 oming/T
™
n odd

Using Property 4 in Theorem 1.36 we get that the e=2744/T (ie. set d = —4)
times the square wave has its n’th Fourier coeflicient equal to 2 Using

m(n+4) "
—2midt)T

times the square wave has its n’th Fourier
. We thus have that the function

linearity, this means that 2ie

coefficient equal to ﬁ

F(t) = 2ie= AT 0 <t <T/2
| —2ie 2T T/2<t<T

has the desired Fourier series.
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Section 2.2
1 The code for playing the sound can look like this:

£s=44100;

T=1/440;

t=0: (1/£fs):3;

S=2x (t>=4%T) . *min( (t-4%T)/ (8%T),1) . xsin(2xpi*440xt) ;
S=S/max(abs(S)) ;

playerobj=audioplayer(S,fs) ;

playblocking(playerobj) ;

2 The important thing to note here is that there are two oscillations present
in Figure 1.1(b): One slow oscillation with a higher amplitude, and one faster
oscillation, with a lower amplitude. We see that there are 10 periods of the
smaller oscillation within one period of the larger oscillation, so that we should
be able to reconstruct the figure by using frequencies where one is 10 times
the other, such as 440Hz and 4400Hz. Also, we see from the figure that the
amplitude of the larger oscillation is close to 1, and close to 0.3 for the smaller
oscillation. A good choice therefore seems to be a = 1,b = 0.3. The code can
look this: The code can look like this:

£s=44100;

T=1/440;

t=0: (1/fs):3;
S=sin(2*pi*440%t)+0.3*sin(2+pi*4400%t) ;
S=S/max (abs(S)) ;
playerobj=audioplayer(S,fs) ;
playblocking(playerobj) ;

a The code can look like this:

function playpuresound(f)
£s=44100;
t=0: (1/fs) :3;
sd=sin(2xpixf*t) ;
playerobj=audioplayer(sd,fs) ;
playblocking(playerobj)

4 The code can look like this:

function playsquare(T)
% Play a square wave with period T over 3 seconds
£s=44100;
samplesperperiod=round (fs*T) ;
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oneperiod=[ones(1,round(samplesperperiod/2)) ...
-ones(1,round(samplesperperiod/2))];
allsamples=zeros(1,floor(3/T)*length(oneperiod)) ;
for k=1:floor(3/T)
allsamples(((k-1)*length(oneperiod)+1) :k*length(oneperiod))=oneperig
end
playerobj=audioplayer(allsamples,fs) ;
playblocking(playerobj)

function playtriangle(T)

% Play a triangle wave with period T over 3 seconds

£s=44100;

samplesperperiod=round (fs*T) ;

oneperiod=[linspace(-1,1,round(samplesperperiod/2)) ...

linspace(1,-1,round(samplesperperiod/2))];

allsamples=zeros(1,floor(3/T)*length(oneperiod)) ;

for k=1:floor(3/T)
allsamples(((k-1)*length(oneperiod)+1) :kxlength(oneperiod))=oneperigq

end

playerobj=audioplayer(allsamples,fs) ;

playblocking(playerobj)

a The code can look like this:

function playsquaretrunk(T,N)
£s=44100;
t=0:(1/fs) :3;
sd=zeros(1,length(t));
n=1;
while n<=N
sd = sd + (4/(n*pi))*sin(2*pi*nxt/T) ;
n=n+2;
end
playerobj=audioplayer(sd,fs) ;
playblocking(playerobj)

function playtriangletrunk(T,N)
£s=44100;
t=0:(1/£fs):3;
sd=zeros(1,length(t));
n=1;
while n<=N
sd = sd - (8/(n~24pi~2))*cos(2xpi*nxt/T) ;
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n=n+2;
end
playerobj=audioplayer(sd,fs) ;
playblocking(playerobj)

a The code can look like this:

function playdifferentfs()
[S fs]=wavread(’castanets.wav’);
playerobj=audioplayer(S,fs) ;
playblocking(playerobj) ;
playerobj=audioplayer(S,2*fs) ;
playblocking(playerobj) ;
playerobj=audioplayer(S,fs/2) ;
playblocking(playerobj) ;

b The code can look like this:

function playreverse()
[S fs]=wavread(’castanets.wav’);
sz=size(S,1);
playerobj=audioplayer(S(sz: (-1):1,:),fs);
playblocking(playerobj) ;

a The code can look like this:

function playnoise(c)
[S fs]=wavread(’castanets.wav’);
sz=size(S,1);
newS=S+c* (2*rand(sz,2)-1) ;
newS=newS/max (max (abs (newS))) ;
playerobj=audioplayer(newS,fs) ;
playblocking(playerobj) ;
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Section 2.4
1 As in Example 2.19 we get

2 1 1 1 1 2
3 1{1 —i -1 i 3
Faf y “ol1 -1 1 -1 4
5 1 i -1 —i 5
2434+4+5 7
_ 1 2-3i—445 | _ | -1+
) 2—-3+4-5 - -1
24+3i—4—5i B

2 For N = 6 the entries are on the form %6_2“”’“/6 = %e"”‘"k/?’. This means
that the entries in the Fourier matrix are the numbers %e*”/:’ = %(1/2 -
iV3/2), %6*2”/3 = %(71/2 —iv/3/2), and so on. The matrix is thus

1 1 1 1 1 1
1 1/2—iv3/2 —1/2—iV3/2 —1 —1/2+iV3/2 1/24iv2/2
1 —1/2—iv3/2 —1/2+iv3/2 1 —1/2—4V3/2 +1/2—iV3/2
1 ~1 1 ~1 1 ~1

1 —1/2+iv3/2 —1/2—iv3/2 1 —1/244V/3/2 —1/2—1iy/3/2
1 1/2+iv2/2 —-1/2+iV3/2 -1 —1/2—iV3/2 1/2—iV3/2

Sl

The cases N = 8 and N = 12 follow similarly, but are even more tedious. For
N = 8 the entries are %e’”"”k/ 4. which can be expressed exactly since we can
express exactly any sines and cosines of a multiple of 7/4. For N = 12 we get
the base angle 7/6, for which we also have exact values for sines and cosines for
all multiples.

4 By Theorem 2.21 we know that (Fn(z))N—n = (Fn(x)), when x is a real

vector. If we set N = 8 and n = 2 we get that (Fg(x))s = (Fs(x))e =2 —1i =
2+,

5 We get
1 N-1 1 N-1
_ k  —2mink/N __ —2min/N\k
==y e = — ce
"R P
1 _ (Ce—2ﬂ'in/N)N 1 1— CN

\/N 1— Ce—27rin/N - \/N 1— Ce—27‘rin/N :
7 The code can look like this

function x=IDFTImpl(y)
N=length(y) ;
FN=zeros(N) ;
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for k=1:N

FN(k, :)=exp(2*pi*x1i* (k-1)*(0: (N-1))/N) /sqrt(N) ;
end
x=FN*y;

8 We have that
(Fn(2)k = (Fn(z1 +i2))k = (Fn(21))k + (Fn(22))k
(Fn(@))N—k = (FN(21))N—k + i(FN(x2)) N—k = (FN(21))1 + {(FNn(T2))ks

where we have used Property 1 of Theorem 2.21. If we take the complex conju-
gate in the last equation, we are left with the two equations

(Fn(2)k = (Fn(21))k +i(Fn(x2))k
(Fn (@) N—k = (Fn(x1))k — i(FN(22)) k-

If we add these we get

(Fw(@)s = 5 ((Fx (@) + Fr@)v )

which is the first equation. If we instead subtract the equations we get

(Ew(@)e = o ((F (@) — B @)vr)

which is the second equation

Section 2.9

1
a We get
11 1 1 1 8
P O A I 3] | —2+2i
=501 1 o1 s T -2
1 -1 —q 7 —2—21
11 1 1 2 10
r _1 1 —i =1 1 41 | —2+4+21
W2=o 1 1 1 —1fle|l T -2
1 i -1 —i) \8 29

b In the FFT-algorithm we split the computation of Fy(x) into the compu-
tation of Fp(2(®)) and Fy(x(?)), where 2(¢) and z(?) are vectors of length 4 with
even-indexed and odd-indexed components, respectively. In this case we have
x(®) = (1,3,5,7) and (®) = (2,4,6,8). In other words, the FFT-algorithm uses
the FFT-computations we did in i a., so that we can save computation. The
benefit of using the FFT-algorithm is that we save computation (the algorithm
is of order O(2N log, N)).
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a By inserting N = 2" and z, = M? in My = 2Mpys + 2N we get first
Ty = 2,1 +2-2". Inserting r 4+ 1 for r we get z,41 — 22, =4-2".

b The homogeneous equation z,1—2z, = 0 has the general solution (zj), =
C2". For a particular solution to the equation x,; — 2z, = 4-2", we should try
(xp)r = Ar2" (since 2 is a root in the homogeneous equation), and we get that
A =2, so that (xp), = 2r2", and the general solution to the difference equation
is . = 2r2" + C2".

c We get that
My = Myr =2r2" + C2" =2Nlogy N + CN = O(2N log, N),

since the first terms dominates in this expression, in particular, it does not
matter what C is (although we can find C from zy = 0, since a DFT for N =1
requires no multiplications).

3 When we compute e~ 2"/N  we do some multiplications in the exponent.
These are not counted because the multilication do not depend on x, and may
therefore be precomputed. We also have a multiplication with % These are
typically not counted because one often defines a DFT so that this multiplication

is absorbed in the definition.
5

a From the formula we see that the first third of the Fourier cofficients can
be written

1
Yn = N (FN/3561 + Dny3Fnysxa + D?v/gFN/B‘tS) .

where D3 is defined in the same way as Do, but as a (N/3) x (IN/3)-matrix,
and where x1, 2, 3 denotes the splitting of « into vectors for the corresponding
indices.
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b The second third of the Fourier cofficients can be written

N-1
1 —2mi(N/3+n)k/N
I = —— 3 e
VN S
| N | N
_ —2mi(N/3+n)3k/N —2mi(N/3+n)(3k+1)/N
== Z T3Re + Z T3k+1€
N k=0 k=0
;N
n g pe 2FIN/BEm)(3h42) /N
=
| N 1 N/3-1
_ —27min3k/N —2mi(N/34n)/N —2min3k/N
= T3Re + —=e¢ T3k+1€
& 7 %
. N/3—1
+ e—27‘rz(N/3+n)2/N Z $3k+2€_27”n3k/N
k=0

1 —2mi —27i
= — (FN/B:DI +e 2 /BDN/3FN/3CCQ +e 2 2/3D?V/3FN/3$C3) .

V3
The third part of the Fourier coefficients can be written

1 N-1

Yon/34n = Z J}k€727ri(2N/3+n)k/N
k=0

- 5

N/3-1 | N3

_ —2mi(2N/3+n)3k/N —2mi(2N/3+n)(3k+1)/N
= T3ie + T3k4+1€

= VS

| VB
" gy pe 2TIN/30)(3K42)/N

VgD

| VB 1 N/3-1
_ —2min3k/N —27i(2N/3+n)/N —2min3k/N
= — T3ie + —=e T3k+1€

& % =

1 N/3—1
+ e—27ri(2N/3+n)2/N $3k+2€—27'rin3k/N

7 =

1 —27i —2mi

= ﬁ (FN/gwl +e? 2/?’Dz\r/gl*ﬂN/35'32 +e? 4/3D?V/:aFN/Bs':S)
1 —2mi

VG (FN/3w1 +e 723Dy s Fiy st + DJQV/BFN/?"B?’)

We get a similar factorization as in Theorem 2.34, but with the block matrix
replaced by

Fnys | DnysFngs D3 /3F N3

FN/3 672771’ 3DN/3FN/3 6727”'2 3D]2\l 3FN/3

Fnys | €72 23D N 3Fnys D]2V/3FN/3

Sl
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¢ We see that My = 3My/3 + 2N when we count complex multiplications,
so that My = 3My/3 + 8N when we count real multiplications. We get a
difference equation of the form z,.7 = 3z, + 24 - 3". A particular solution to
this is (zp), = 8r3". Solving as above we get My = O(8N logs N). logs N can
be written on the form clog, N for a constant ¢, this is on the form O(clog, N)
for some c.

d It is clear that this procedure can be developed also for numbers divisible
by 5, 7, and so on (the number of blocks in the block matrix increase, though). In
particular, we can develop a procedure for any factorization into prime numbers.

Section 3.1

1 Here we have that t_q = 1/4, to = 1/4, t1 = 1/4, and t3 = 1/4. We now
get that sg = tg = 1/4, s; =t = 1/4, and s9 = t5 = 1/4 (first formula), and
SN—1 =87 =t_1 = 1/4 (second formula). This means that the matrix of S is

0

O R = EFEFOOO
=== =0 O OO
[T o B e B e i o R S
Y = == SR S

SO OO ==
OO EF OO

=~
—_ O OO O ==
OO O ==

Section 3.2
3

a The eigenvalues of S are 1,5,9, and are found by computing a DFT of the
first column (and multiplying by VN = 2). The eigenvectors are the Fourier
basis vectors. 1 has multiplicity 2.

c Matlab uses some numeric algorithm to find the eigenvectors. However,
eigenvectors may not be unique, so you have no control on which eigenvectors
Matlab actually selects. In particular, here the eigenspace for A = 1 has di-
mension 2, so that any linear combination of the two eigenvectors from this
eigenspace also is an eigenvector. Here it seems that Matlab has chosen a linear
combination which is different from a Fourier basis vector.

4
a If we write S; = FJI\}’DlFN and Sy = FJI\?DQFN we get
Sy + Sy = FH(Dy + Dy)FnS1So = FED\FNFHEDyFy = FEED Dy Fy

This means that the eigenvalues of S; 4+ S5 are the sum of the eigenvalues of Sy
and So. The actual eigenvalues which are added are dictated by the index of
the frequency response, i.e. Ag,+8,n = Agy,n + Asy.n-
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b As above we have that 515, = F}\L,IDlFNF]I\?DgFN = F}\L,IDngFN, and
the same reasoning gives that the eigenvalues of 5155 are the product of the
eigenvalues of S; and S5. The actual eigenvalues which are multiplied are dic-
tated by the index of the frequency response, i.e. As,5,.n = A5, nA3;.n-

c In general there is no reason to believe that there is a formula for the
eigenvalues for the sum or product of two matrices, based on eigenvalues of the
individual matrices. However, the same type of argument as for filters can be
used in all cases where the eigenvectors are equal.

5 The matrix for the operation which keeps every second component is

10 --- 00
o0 --- 00
o0 -~ 10
o0 --- 00

where 1 and 0 are repeated in alternating order along the main diagonal. Since
the matrix is not constant on the main diagonal, it is not a circulant Toeplitz
matrix, and hence not a filter.

Section 3.3
1 The frequency response is

1, ., i Y ew(l —e 4wy 1 _. ., sin(2w)
A = (% 41 o —iw ) 2iwy _ i = —e iw/2 )
s) =g+ l+e e =y =1 nw2)

Section 3.4

1 We have that Ag(w) = $(1 + cosw). This clearly has the maximum point
(0,1), and the minimum point (7, 0).

2 We have that [Ar(w)| = £(1 — cosw). This clearly has the maximum point
(m,1), and the minimum point (0,0). The connection between the frequency
respounses is that Ar(w) = Ag(w + 7).

3 Here we have that so =t =3, s1 =t1 =4, so =ty =5, and s3 =t3 =6
(first formula), and sy_o = t_o = 1, sy—1 = t_1 = 2 (second formula). This
means that the matrix of S is

= O OO Otk W
=W~ OO oGt
W= OO U

— O O O Ot i Wi
O OO Tk W~
O OU R W~ O
ST W NN~ OO
U W= OO
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The frequency response is
)\S(w) — €2iw + Zeiw =+ 3 +4e—iw +5e—2iw + 66_3iw.

4 The filter coeflicients are to = so = 1/5, t; = s1 = 1/5 (first formula), and
t1=sny_1=1/5,t_a=8sy_2=1/5,t_3=sy_3 =1/5 (second formula). All
other t; are zero. This means that the filter can be written as %{1, 1,1,1,1},
using our compact notation.

5 The frequency response is

k 1 — cktHle—i(k+1)w

Cse—zsw — ;
Z 1—ce~w

s=0

It is straightforward to compute the limit as w — 0 as ¢*(k + 1). This means
that as we increase k or ¢, this limit also increases. The value of k also dictates
oscillations in the frequency response, since the numerator oscillates fastest.
When ¢ = 1, k dictates how often the frequency response hits 0.

Section 3.5
2

a The code can look like this:

function playwithecho(c,d)
[S fs]l=wavread(’castanets.wav’);
N=size(S,1);
S((d+1):N, :)=S((d+1) :N, :)+c*S(1: (N-d),:); % Add echo
S(:,1)=S(:,1) /max(max(abs(S(:,1)))); % Scale so that sound values are
S(:,2)=S(:,2) /max(max(abs(S(:,2)))); % within [-1,1].
playerobj=audioplayer(S,fs) ;
playblocking(playerobj) ;

3 The sum of two digital filters is again a digital filter, and the first column
in the sum can be obtained by summing the first columns in the two matrices.
This means that the filter coefficients in %(Sl +S5) can be obtained by summing
the filter coefficients of S; and S3, and we obtain

1
5({L07...7O,c}+{l,0,...,0,fc}) ={1}.
This means that %(5’1 + S) = I, since I is the unique filter with eg as first

column. The interpretation in terms of echos is that the echo from Ss cancels
that from Sy.

4
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a The code can look like this:

function reducebass (k)
c=[1/2 1/2];
for z=1:(2%k-1)
c=conv(c, [1/2 1/2]);
end
c=(-1).7(0: (2%k)) . *c;
[S fs]l=wavread(’castanets.wav’);
N=size(S,1);

y=zeros(N,2) ;
y(1:k,:)=S(1:k,:);
for t=(k+1): (N-k)
for j=1:(2%k+1)
y(t, )=y(t,:)+c(§)*#S(t+k+1-j,:);
end
end
y((N-k+1) :N, :)=S((N-k+1) :N, :) ;
y=y/max (max(abs(y))) ;

playerobj=audioplayer(y,fs) ;
playblocking(playerobj) ;

function reducetreble(k)
c=[1/2 1/2];
for z=1:(2*k-1)
c=conv(c, [1/2 1/2]);
end
[S fs]=wavread(’castanets.wav’);
N=size(S,1);

y=zeros(N,2) ;
y(1:k,:)=S(1:k,:);
for t=(k+1): (N-k)
for j=1:(2#k+1)
y(t, )=y (t,:)+c(§)*#S(t+k+1-j,:);
end
end
y((N-k+1) :N, :)=S((N-k+1) :N,:);

playerobj=audioplayer(y,fs) ;
playblocking(playerobj) ;
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a In the code a filter is run on the sound samples from the file castanets.wav.
Finally the new sound is played. In the first two lines after the for-loop, the
first and the last sound samples in teh filteres sound are computed, under the
assumption that the sound has been extended to a periodic sound with period
N. After this, the sound is normalized so that the sound samples lie in the range
between —1 and 1. In this case the filter is a lowpass-filter (as we show in b.),
so that we can expect that that the treble in the sound is reduced.

b Compact filter notation for the filter which is run is {2,4,2}. A 5x5
circulant Toeplitz matrix becomes

4 2 0 0 2
2 42 00
024 20
00 2 4 2
2 00 2 4

The frequency response is Ag(w) = 2™ + 4 + 2e~% = 4 + 4cosw. It is clear
that this gives a lowpass filter.

¢ The frequency response for the new filter is
—2¢™ 442" =4 —4cosw =4+ 4dcos(w+ 7) = A\s(w + 7),

where S is the filter from the first part of the exercise. The new filter therefore
becomes a highpass filter, since to add 7 to w corresponds to swapping the
frequencies 0 and w. We could also here refered to Observation 3.39, where we
stated that adding an alternating sign in the filter coefficients turns a lowpass
filter into a highpass filter and vice versa.

Section 3.6
1

a The matrix for time reversal is the matrix

o0 --- 01
00 --- 10
o1 -- 00
10 -~ 00

This is not a circulant Toeplitz matrix, since all diagonals assume the values 0
and 1, so that they are not constant on each diagonal. Time reversal is thus not
a digital filter.

b Let S denote time reversal. Clearly Se; = eny_o. If S was time-invariant
we would have that Seqg = en_3, where we have delayed the input and output.
But this clearly is not the case, since by definition Seq = en_1.
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Section 3.7
Section 3.8

Section 4.1
2 The code can look like this:

function y=filterS(t,x)
N=length(x) ;
y=zeros (length(x),1);
E=length(t)-1;

n=0;
while n<E
y@+1)= t(D*x(n+l);
for k=1:n
y@t+l) = y(@t+l) + t&+1)*(x(ntk+1)+x(n-k+1));
end
for k=(n+1):E
y(@o+l) = y@+l) + t(k+l)*(x(n+k+l)+x(n-k+N+1));
end
n=n+1;
end
while n<(N-E)
y@+1)= t(D*x(n+1);
for k=1:E
y(@+1) = y(o+1)+ t(k+1)*(x(n+k+1) +x(n-k+1)) ;
end
n=n+1;
end
while n<N
y@+l) = t(D*x(@m+l);
for k=1: (N-1-n)
y@+l) = y(+l) + tk+1)*(x(n+k+1)+x(n-k+1));
end
for k=(N-1-n+1) :E
y@+l) = y(@+l) + tk+1)*(x(n+k-N+1)+x(n-k+1));
end
n=n+1;
end

4 We have that

Heos (zﬂn(k: —51\17/2)7T) _ %H6—2ﬂ-in(k+1/2)/(2N) + %H62m’n(k+1/2)/(2N)

_ %efﬂ'in/(ZN) Hefﬂ'ink/N + %eﬂ'in/(?N)Heﬂ'ink/NA
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Her He ™"k/N ig the filter where the frequency response of H is delayed by
mn/N, while the delay goes the opposite way for He™%/N  This shows that
H,, has the stated center frequencies.

Section 4.2

Section 4.3

2 We first see that do 3 = \/g and dj 3 = \/g for k =1,2. We also have that

ooy s 3)) (5 )

so that the DCT matrix can be written as

D3 =

%m
Q

s 8
« 73]
—

—
oo‘gj w3
pol— NI=
S—
%m
Q
s 8
« 73}
—

—
oo‘gj w3
poleo NI
S—
%m

Q
s 8
« 72}
—

—
oo‘gj w3
ol Nlo
S—

I
Peaiie
o
o
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2
3
\
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e
o
o
wm
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\
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S
Phoibie
(@)
(@}
w0
g 2
(@23
3
~
D
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= | Va2 0 \JRVER i)
1/2+V3i/2) —/2 \/g(l/Q—ﬁi/z)

Section 4.4

Section 5.2
—1

1 We have that f(t) = Zg:o ¢n®o,n, where ¢, are the coordinates of f in the
basis {¢0,0, 90,1, --,¢0,n—1}. We now get that

N-1

f(k) = Z Cn¢0,n(k) = Ck,

n=0

since ¢o (k) = 0 when n # k. This shows that (f(0), f(1),....f(N — 1)) are
the coordinates of f.

2
a From lemma 5.9 it follows that
pl‘Ojvn (¢1,2n) = ¢O,n/\/§
prOjVU (¢1,2n+1) = ¢O,n/\/§
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This means that

[projy;, (¢1,20)]¢, = en/V?2
[projv0(¢1,2n+1)]¢>0 = en/\/i.

These are the columns in the matrix for projy, relative to the bases ¢, and ¢,.
This matrix is thus

11000 000
L oo 110 000
ﬁ.....:::.

00000 - 011

b From lemma 5.12 it follows that
Projy, (¢1,2n) = Yo,/ V2
Proju, (1,2n41) = —Vo.n/V2
This means that
[prOjWO (¢1,2n)}1/’0 = en/\/i
[prOjW0(¢1,27L+1)]w0 - _en/\/i-

These are the columns in the matrix for projyy, relative to the bases ¢, and 1.
This matrix is thus

1 -1 0 0 O 0 0 O

1 0 0 1 -1 0 0 0 O
V2 : :

0O 0 O 0 O 0 1 -1

a Since ¢ € Vp we must have that projy; (¢) = ¢. Since ¢ is in the orthogonal
complement of Vg in V; we must have that projy, (¢) = 0.

b The first columns in the matrix of projy, relative to (¢g, 1) are

[Projy, (60,0))(¢.%0) = [90,0)(6.1,) = €0
[Projy;, (¢0,1)l(¢.0) = [P0.1](0,w0) = €1

The last columns in the matrix of projy, relative to (¢, %) are

[projy, (¥0,0)(¢g.we) = [0](g.100) = O
[Projy, (¥0,1)(g,w0) = [0l(g.0) = O
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It follows that the matrix of projy, relative to (¢g,,) is given by the diagonal
matrix where the first half of the entries on the diagonal are 1, the second half
0.

¢ Follows in the same way as (b).

4 We have that

N-1 N N-1 n+1
projy, (f) = nz:;) </O f(t)¢0,n(t)dt) Pon = HZ:O </n : f(t)dt) B0,n;

where we have used the orthogonal decomposition formula. Note also that, if
f(t) € Vi, and f,1 is the value f attains on [n,n + 1/2), and f, o is the value
f attains on [n 4+ 1/2,n 4 1), we have that

projuy () = 3 ( / " f(t)dt) Gonl)

n=
N—

N-1
= Z <%fn,1 + %fn,Q) ¢0n(t) = Z wqbo’n(t)’
n=0 n=0

which is the function which is (f, 1+ fn,2)/2 on [n,n+1). This proves the first
part of Proposition 5.13.

- o

5 We have that
IIf = projy, (NII* = (f = projy, (f), f — projy, (f))
= (f, ) = 2(f, projy, (f)) + (projy, (f), projy, (f))
Now, note that

n+1 2

(projy, (£), rojy, (f)) = Ng ( / f(t)dt)

from what we just showed in Exercise 4 (use that the ¢¢,, are orthonormal).
This means that the above can be written

(- zjg/ojv (/:+1 f(s)ds> o () F(£)dt + ]:;1 (/n
N—-1 ,p+1 n+1 N-1 n+1
=(Ln-2) ( / f(s)ds) f(t)dt + n;) ( / f(t)dt)

n=0"v"

n+1 2

f(t)dt)

2

2 N-1 2

=(f,f) - 2]:;: (/ﬂn+1 f(t)dt) + ;) (/:H f(t)dt)
={f,f) - Ni (/lnﬂ f(t)dt)

n=0 T

2
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6 The orthogonal decomposition theorem gives that

N-1 N-1 N
projiw, (f) = Y (fstom)on(t) = Y ( /0 f(t)wo,n(t)dt> Yon(t)
n=0

}Sﬂ .
-¥ (/ f(two,n(t)dt) Yon(t)
_ : ( /n "t / i; f(t)dt) Yon(t),

where we used that )y, is nonzero only on [n,n + 1), and is 1 on [n,n + 1/2),
and —1 on [n+1/2,n + 1). Note also that, if f(t) € V1, and f, 1 is the value
f attains on [n,n +1/2), and f, 2 is the value f attains on [n+1/2,n+ 1), we

have that
n+1/2 n+1
(/ f(t)dt —/ f(t)dt) Y0,n (t)
n+1/2

(%fn,l_%fn,2> ’wOn Z fTLl anwﬂn( )

proj Wo =

MH‘OMZ

n=0
which is the function which is (fy,,1 — fn,2)/2 on [n,n+1/2), and —(fn1— fn,2)/2
on [n+1/2,n+ 1). This proves the second part of Proposition 5.13.
Section 5.3

1 Since ¢, € Vin we must have that T(¢m.n) = Gm,n. Since iy, , is in the
orthogonal complement of V;,, in V,,41 we must have that T(¢, ) = 0. The
first half of the columns in the matrix of projy, ~relative to (¢,,,,,) are

[projy,, (Pm,0)l(4,,.w,.) = [Pm.0l(@,,.,,) = €0
[projy, (6m,1)l(¢,, . %,,) = [Pmal(@,, ) = €1

The second half of the columns are

[T (m,0)l,,.,.) = 0l, »,) =0
[T (Wm)),,.,.) = 0l,,%,) =0

Thus, as before, the matrix of projy, —relative to (¢,,,,,) is given by the
diagonal matrix where the first half of the diagonal consists of 1’s, and the
second half consists of 0’s. (c) follows in the same way.

352



2 If f € V,,, we can write f(t) = szN_l Cmn®mon(t). We now get

n=0
2™ N-1 2™ N—1
g(t) = f(2t) = Z C7n,n¢7n,n(2t) = Z C7n,n2m/2¢(2m2t - n)
n=0 n=0
2MN-1 2mN-1
= Z Cm,n2_1/22(m+1)/2¢(2m+1t - n) = Z Cm,n2_1/2¢m+1,n(t)~
n=0 n=0
This shows that g € V;,,41. To prove the other way, assume that g(t) = f(2¢) €
Vin+1. This means that we can write g(t) = Zi:o N-1 Cm+1,nPm+1,n(t). We
now have
2mtIN 1 2mtIN 1
f(t) = g(t/Q) = Z Cm+1,n¢m+1,n(t/2) = Z Cm+1,n2(m+1)/2¢(2mt - n)
n=0 n=0
2M N —1 om+1N_1
= > enpn2m202m —n)+ Y 122027 — n)
n=0 n=2mN
2™ N—1 2mMN—1
= > 12292 —n) + Y enprngann2™TV/29(27 — n — 27 N)
n=0 n=0
2mN-1 2™ N—1
= > emn2MT2e@M —n) + Y empangann 2TV 29(27t - n)
n=0 n=0
2mN—1
= Z (em+1,n + C7n+1,n+2mN)21/22m/2¢(2mt —n)
n=0
2mN—1
= Z (Cm+1,n + Cm+1,n+2mN)21/2¢m¢n(t) S Vm
n=0

The thing which made this a bit difficult was that the range of the n-indices
here was outside [0,2™ N — 1] (which describe the legal indices in the basis V),
so that we had to use the periodicty of ¢.

3 By definition, [T1]p, ® [T2]s, ®- - -® [Ty, is a block matrix where the blocks
on the diagonal are the matrices [T1]p,, [T2]s,, and so on. If b; are the basis
vectors in B;, the columns in [T;)p, are [T(b;)]p,. This means that [T1]p, &
[Ts]p, ® - @ [Tn]B, has [T(b;)]s, in the j’'th block, and O elsewhere. This
means that we can write it as

0% ---03 [T(b))]s, ®0---0.
On the other hand, [Ty @ To @ ... D T,]8,08,0..08, i a matrix of the same
size, and the corresponding column to that of the above is
(MeTho.. . eT,)(06---00b;®0---0)|3,08,0..08,
=[0®---056T(b;) S0 0|3,08,0..08,
=0@---00[T(b;)]s, ©0---0.
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Here b; occurs as the i'th summand. This is clearly the same as what we
computed for the right hand side above.

4 Assume that A is an eigenvalue common to both 7} and T5. Then there exists
a vector vy so that Tyv; = Avq, and a vector v, so that Thve = Avs. We now

have that
o T1 0 U1
momin (3 2)(2)
_ T1U1 _ )\'Ul
o TQ’UQ o /\’U2
=A <U1> = )\(’Ul D 'UQ).
U2

This shows that A is an eigenvalue for \ also, and that v; @ v, is a corresponding
eigenvector.

5 We have that
A 0\ /A7t 0
—1 —1y _
aomtasy = (4 D) (4 0)

_[AATY 0 \_ (I 0\_,
“\ 0o BBY) " \0 I)

where we have multiplied as block matrices. This proves that A® B is invertible,
and states what the inverse is.

6 We have that
(A® B)(C® D) = (6‘ g) (g g) = (AOC BOD> = (AC) @ (BD)

where we again have multiplied as block matrices.

8 The following code achieves this:

[S,fs]=wavread(’castanets.wav’) ;
newx=DWTHaarImpl(S(1:2°17,1),2);
plot(0:(2°17-1) ,newx(1:2°17,1))
axis([0 2717 -1 11);

The values from Vj corresponds to the first 1/4 values in the plot, the values
from Wy corresponds to the next 1/4 values in the plot, while the values from
W1 correspond to the last 1/2 of the values in the plot.

9

a The following code achieves the task
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function playDWTlower (m)
[S fs]=wavread(’castanets’);
newx=DWTHaarImpl (S(1:2717,1) ,m) ;
len=length(newx) ;
newx((len/2"m+1) :length(newx) ) =zeros(length(newx)-len/2°m,1) ;
newx=IDWTHaarImpl (newx,m) ;
playerobj=audioplayer(newx,fs) ;
playblocking(playerobj) ;

b For m = 2 we clearly hear a degradation in the sound. For m = 4 and
above most of the sound is unrecognizable.

¢ There is no reason to believe that sound samples returned by the function
lie in [—1, 1]. you can check this by printing the maximum value in the returned

array on screen inside this method.

11 The following code can be used

function playDWTlowerdifference(m)
[S fs]=wavread(’castanets’);
newx=DWTHaarImpl(S(1:2°17,1) ,m);
len=length(newx) ;
newx(1: (len/2°m) )=zeros(len/2°m,1);
newx=IDWTHaarImpl (newx,m) ;
playerobj=audioplayer (newx,fs) ;
playblocking(playerobj) ;

12 Note first that, similarly to the computation in Exercise 5.6, we have that

N (nt1/2)2~™ (n1)2~™
/ F)mn(t)dt = 2772 ( / FO)dt — / f(t)dt) .
0 . .

n2-m (n+1/2)2-m

With f(t) = 1 —2|1/2 — t/N| we have two possibilities: when n < N2m~!
we have that [n27"™, (n + 1)27™) C [0, N/2], so that f(¢) = 2¢t/N, and we get

r(n+1/2)27™ (n41)2™™
(

n2-m n+1/2)2—m

_ 2m/2[t2/N}(n+1/2)27m _ 2m/2[t2/N}(”7-+1)27m

n2—m (n+1/2)2—™
2—3m/2 2—3m/2—1
=N (2(n+1/2)27n27(n+1)2)=7T
When n > N2™~! we have that f(t) = 2—2¢/N, and using that fON Y (t)dt =
0 we must get that wy, , = %
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For f(t) =1/2+ cos(2nt/N)/2, note first that this has the same coefficients
as cos(2nt/N)/2, since fON Ymn(t)dt = 0. We now get

(n+1/2)27™ (n+1)27™
Wy = 22 (/ cos(2mt/N)/2dt — / cos(27rt/N)/2dt)

2-m (n+1/2)2=m
= 2"2[N sin(2mt/N)/(4m)] (5T = 2PN sin(2mt/N) /(40
om/2=2 g
= —— (2sin(2r(n+1/2)27™/N) — sin(2mn2~"/N) — sin(2w(n + 1)2-"/N)) .
m

There seems to be no more possibilities for simplification here.

13 We get

(nt1/2)2=™ (n+1)2™™
Wy = 2™/? (/ (t/N)*dt —/ (t/N)kdt>

2-m (n+1/2)2-m
m n4+1/2)2"™  om n41)2=™
= 2R/ ( 4 D)NF) PR —gm 2k (e 1) NE) DS
2~ mik+1/2) 9 1/2)E+1 _ k1 1)k
The leading term n**! will here cancel, but the others will not, so there is no
room for further simplification here.

14 When we run the 10-level DWT we make a change of coordinates from Vg
to Vo & Wy & --- @d Wy. This means that we must look at the function which
has & as coordinates in Vig. It is clear that this is the function defined on [0, 1)
which is 21%/2 = 25 on [0,1/2)], and 0 elsewhere. It is clear that this is the
function 2°271/2¢; o = 25271/2271/2(¢ 4 o)) = 24(¢ + ). This has coordinates
(24,24,0,0,...,0) in Vo @ Wy @ --- ® Wy (Vy and Wy are here one-dimensional).

Section 6.1
1 Let us write f(t) = ZT]:]:_OI enon(t). If k is an integer we have that

N-1 N-1
F(k) =" cndon(k) =Y cud(k —n).
n=0 n=0

Clearly the only integer for which ¢(s) # 0is s = 0 (since ¢(0) = 1), so that
the only n which contributes in the sum is n = k. This means that f(k) = ¢,

so that [fls, = (F(0), f(L),-.., F(N = 1)).
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2 We have that

n+1

(P0,ns Po.n) = / (1 — |t —n|)?dt

n—1

n+1
:/ (1—2t—n|+(t—n)?)dt
n—1
1 7T 2
=22+ |-(t—n) ==,
+ 3 “)Ll :
We also have

n+1

<¢o,n,¢o,n+1:/ (1—(t—n))(1+(t—n—1))dt:/0 (1—u)(1+u—1)du

n

—/Ol(t—tZ)dt—

Finally, the supports of ¢g, and ¢q n+x are disjoint for k > 1, so that we must
have (¢0.n, $o.ntr) = 0 in that case.

N
SV
(=}

3 We have that

X[-1/2.1/2) * X[-1/2,1/2)(®) = / Xi-1/2,1/2) ()X [=1/2,1/2) (x — t)dt.

The integrand here is 1 when —1/2 < ¢t < 1/2 and —1/2 <  —¢ < 1/2, or
in other words when max(—1/2,—-1/2 + ) < t < min(1/2,1/2 + x) (else it is
0). When z > 0 this happens when —1/2 4+ 2 < ¢t < 1/2, and when z < 0 this
happens when —1/2 <t < 1/2 4 x. This means that

1/2
dt=1—2 ,2>0
_ —1/24x )
_ * _ xr) =
X[-1/2,1/2) * X| 1/2,1/2)( ) {fl{?—;z dt=1+z <0

But this is by definition ¢.

Section 6.3
1

a The function 113 is a sum of the functions ¥ = ¢1,1, ¢, and @1 (i.e. we
have set n = 0 in Equation (6.14)). All these are continuous and piecewise
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linear, and we can write

2 0<t<1/2
prat)=¢2-2t 1/2<t<1
0 elsewhere

14+t -1<t<0
o)) =<1-t 0<t<1

0 elsewhere

t 0<t<1
(,250‘1(13): 2—t 1<t<2.

0 elsewhere

It follows that ¢ (t) = ¢1.1(t) — ap(t) — B¢1.1 is piecewise linear, and linear on
the segments [—1,0], [0,1/2], [1/2,1], [1,2].

On the segment [—1, 0] only the function ¢ is seen to be nonzero, and since
¢(t) = 14t here, we have that {)(t) = —a(1 +t) = —a — at here.

On the segment [0,1/2] all three functions are nonzero, and

¢1,1(t) =2t
o) (t) =1—1t
do(t) =1t

on this interval. This means that ¢(t) = 2t —a(1 —t) — ft = 2+ — B)t — a
on [0,1/2].
On the segment [0,1/2] all three functions are nonzero, and

$11(t) =22t
p)(t) =1—t
Po1(t) =t

on this interval. This means that ¢)(t) = 2—2t—a(1—t)—ft = (a—S—2)t—a+2
on [1/2,1].

On the segment [1, 2] only the function ¢ is seen to be nonzero, and since
¢0,1(t) = 2—1t here, we have that )(t) = —B(2—1t) = Bt — 28 here. For all other
values of ¢, zﬁ is zero. This proves the formulas for 1/} on the different intervals.
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b We can write

N R 2 R 0 R 1/2 R 1 R 2 R
/O w(t)dt:/_lw(t)dt:/_1w(t)dt+ [ dwar+ 1/1(t)dt+/1 D(t)dt

1/2

:/0 (aat)dt+/01/2(2+aﬂ)ta)dt

-1

+/1/2((a—ﬁ—2)t—a+2)dt+/1 (Bt —2p)dt

1 0 1 1/2
- {—at - 50&52] B + {5(2 +a— /)t — at]o
1 ! 1 ?
+ [f(a—ﬁ—Q)t2+(2—a)t} + [fﬁtz—%t]
2 1/2 2 1
:—a+%a+é(2+a—ﬁ)—%a+g(a—ﬁ—2)+
1

—5 a8,

(2-a)+ 3628

N | —

fON tiﬁ(t)dt is computed similarly, so that we in the end arrive a i - B.

¢ The equation system

5—04—,6’:0
1
1770

has the unique solution o = 8 = %7 which we already have found.
2

a In order for ¢ to have vanishing moments we must have that [ O(t)dt =
ftlﬁ(t)dt = 0 Substituting ¢ = 1) — agoo — Bpo1 we see that, for k= 0,1,

[t @vno + sonyae = [ o
The left hand side can here be written
/tk (Oé(]ﬁop + ﬁd)o,l) dt = Oé/tkqbo,odt + ﬂ/tk(ﬁo,l(t)dt
1 2
= a/ tR(1 — |t|)dt + ﬂ/ t*(1 — |t — 1])dt = aay + Sby.
—1 0
The right hand side is
1
/t’“z/)(t)dt = /t’“qjl,l(t)dt :/ (1—2[t —1/2|)dt = ey.
0

The following program sets up the corresponding equation systems, and solves
it by finding «, S.
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A=zeros(2);
b=zeros(2,1) ;
for k=0:1
A(k+1,:) = [quad(@(t)t. k.*(1l-abs(t)),-1,1)...
quad(@(t)t. k.*(1-abs(t-1)),0,2)]1;
b(k+1)=quad(@(t)t. k.*(1-2*%abs(t-1/2)),0,1);
end
A\Db

b Similarly to a., Equation (6.20) gives that

/}Wa%ﬁ+ﬂ%J+7%rl+&hﬁﬁ:i/ﬁwﬂﬁ.

The correspodning equation system is deduced exactly as in a. The following
program sets up the corresponding equation systems, and solves it by finding

a7577a6'

A=zeros(4) ;
b=zeros(4,1) ;
for k=0:3
A(k+1,:) = [quad(@(t)t. k.*(1-abs(t)),-1,1)...
quad(@(t)t. k.*(1-abs(t-1)),0,2)...
quad(@(t)t. k.*(1-abs(t+1)),-2,0)...
quad(@(t)t. “k.*(1-abs(t-2)),1,3)];
b(k+1)=quad(@(t)t. k.*(1-2*abs(t-1/2)),0,1);
end
coeffs=A\b

¢ The function ) now is supported on [—2, 3], and can be plotted as follows:

t=linspace(-2,3,100) ;

plot(t, (t>=0).*(t<=1).*(1-2*abs(t-0.5)) ...
—coeffs(1)*(t>=-1) .*x(t<=1) .*(1-abs(t))...
-coeffs(2)*(t>=0) . * (t<=2) .*x(1-abs(t-1)) ...
—coeffs(3)*(t>=-2) .*x(t<=0) .*(1-abs(t+1))...
—coeffs(4)*(t>=1) . *(t<=3) . *(1-abs(t-2)))

e If we define
A K
b =100— Y (axdo,—k — Brdok1)
k=0

we have 2k unknowns. These can be determined if we require 2k vanishing
moments.
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Section 7.1

2 You can set for instance Hy = {1/4,1/2,1/4}, and Hy = {1} (when you write
down the corresponding matrix you will see that Ag1 = 1/2, A1 = 0, so that
the matrix is not symmetric)

3 The Haar wavelet is a counterexample!

Section 7.3

1 As before we obtain that

fifor oggt)} o)

is an orthogonal basis of eigenvectors, which also can be written

n N-1
cos | 27 k> } .
{ ( 2N —2 o0

Section 7.4
1

a We have that Hy = %{1, 1,1,1,1}, and H; = %{—171, —1}. The frequency
responses are

1 o 1. 1 1 .1 )
)‘Ho(w) — 5622w+562w+5+66—2w56—21w
2 2 1
== cos(2w) + 5 CoSW + &
1, 1 1 _. 2 1
/\Hl(w):—ge""—&—g—ge*“":—gcosw—i—g.

Both filters are symmetric, and we have that h0=(1/5,1/5,1/5,1/5,1/5), and
hi=(—1/3,1/3,—1/3).

b We have that Gy = {1/4,1/2,1/4}, and G; = {1/16,—-1/4,3/8,—1/4,1/16}.
The frequency responses are o

1. 1 1 _.
)\GO (CU) = Zew + 5 + Ze_ud
1 1
=3 cos(w) + 5
1o 1, 3 1 1
)\G1 (OJ) = T6€21w — Zelw + g - Ze T6€ 2
1 1 3
=3 cos(2w) — 5 cosw + 3

Both filters are symmetric, and we have that go=(1/4,1/2,1/4), and g1=(1/16,—1/4,3/8,—1/4,1/16).
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a We have that Ho = {1/16,1/4,3/8,1/4,1/16}, and Hy = {-1/4,1/2, -1/4}.
The frequency responses are

1 5, 1., 3 1 _ .1 _,
M) = e e R T e
1 3
=3 cos(2w) + eoswt 2
L 1 1 —iw
>‘H1 (W) = _Zelw + 5 — Ze
1 1
=3 cos(w) + 3

The two first rows in Pe, . ¢, are

( 3/8 1/4 1/16 0 --- 1/16 1/4)
~1/4 1/2 -1/4 0 -~ 0 0

The remaining rows are obtained by translating these in alternating order.

b We have that Gg = %{1,;, 1}, and Gy = %{1, —1,1,—1,1}. The frequency
responses are

1, 11 2 1
A, (w) = gew + 3 + 3¢ W= gcosw—&— 3
15, 1, 1 1 _.1 _
/\G1 (w) — 56214.0 _ 5€ZW + g _ ge—lwge—2zw

2 1
=z cos(2w) — 7 COsW + £

The two first columns in Py . ¢, are

1/3 —1/5
1/3 1/5
0 -1/5
0 1/5
0 0
0 0
1/3 1/5

The remaining columns are obtained by translating these in alternating order.

3 The following code can be used:

function playDWTfilterslower(m,hO,h1,g0,g1)
[S fs]=wavread(’castanets’);
newx=DWTImpl(hO,h1,S(1:2717,1) ,m) ;
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len=length(newx) ;

newx((len/2"m+1) :length(newx) ) =zeros(length(newx)-len/2°m,1) ;
newx=IDWTImpl(g0,gl,newx,m) ;

playerobj=audioplayer(newx,fs) ;

playblocking(playerobj) ;

a The following code can be used:

function playDWTfilterslowerdifference(m,h0,h1,g0,g1)
[S fs]=wavread(’castanets’);
newx=DWTImpl (hO,h1,S(1:2~17,1),m);
len=length(newx) ;
newx(1: (len/2°m) )=zeros(len/2°m,1) ;
newx=1DWTImpl(g0,gl,newx,m) ;
playerobj=audioplayer(newx,fs) ;
playblocking(playerobj) ;

b After the replacements in the function playDWTall, we get code which
looks like this

function playDWTalldifference(m)
disp(’Haar wavelet’);
playDWTlowerdifference(m) ;
disp(’Wavelet for piecewise linear functions’);
playDwWTfilterslowerdifference(m,sqrt(2)*[1],...
sqre(2)*[-1/2 1 -1/2], ...
[1/2 1 1/2]/sqrt(2),. ..
[1]1/sqrt(2));
disp(’Wavelet for piecewise linear functions, alternative version’);
playDwTfilterslowerdifference(m,. ..
sqrt(2)*[-1/8 1/4 3/4 1/4 -1/8],...
sqrt(2)*[-1/2 1 -1/2], ...
[1/2 1 1/2]/sqrt(2), ...
[-1/8 -1/4 3/4 -1/4 -1/8]/sqrt(2));

a The code which can be used looks like this:

newx=IDWTImpl([1/2 1 1/2]1/sqrt(2), [1]1/sqrt(2), ...
[-coeffs(1); -coeffs(2); -coeffs(4); 0; 0; O0; 0; ...
—coeffs(3); 1; 0; 0; 0; 0; O; O0; 0],1);
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b The code which can be used looks like this:

gl=[newx((length(newx)-2) :length(newx))’ newx(1:6)’] % compact filter ng

g0=[1/2 1 1/2]/sqrt(2);

omega=linspace(0, 2*pi, 100) ;

plot(omega,gl(5)+gl(6) *2*cos (omega) +g1 (7) *2*cos (2*omega) . . .
+g1(8) *2*cos (3*omega) +g1 (9) *2*cos (4*omega) )

¢ The code which can be used looks like this:

alpha=1/(g0(2) *g1(5)+2*g0(3) *g1(6)) ;
hO=alpha*(-1) .~ (1: (length(gl))) .*gl;
hi=alpha*(-1).~(0: (length(g0)-1)) . *g0;

d The code which can be used looks like this:

for m=1:4
m
playDWTfilterslower(m,h0,h1,g0,g1);
playDWTfilterslowerdifference(m,h0,h1,g0,g1) ;
end

a c and w represent the coordinates in the wavelet bases ¢, and 1. The

code runs a Haar wavelet transform. The sound is normalized so that the sound

samples lie in the range between —1 and 1, and the resulting sound is played.

The sound is split into two parts, and c¢ represents a low-resolution version of

the sound (with half the number of samples), so that we first will hear the sound
played at double pace. After this we will hear the detail w in the sound, also

played at double pace. We should also be able to recognize the sound from this
detail.

b This corresponds to reconstructing a low-resolution approximation of the

sound.

Section 8.3
Section 8.5
Section 8.6

Section 9.2
2 The code can look like this:
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function xnew=DWTImpl53(x,m)
lambdal=-1;

lambda2=0.125;

alpha=0.5;

beta=2;

for mres=1:m
len=length(x) /2" (mres-1) ;
x(1:2: (Ten-1))=x(1:2: (len-1)) /alpha;
x(2:2:1en)=x(2:2:1en) /beta;
x(1:1len)=liftingstepapplyB(-lambda2,x(1:1en));
x(1:1len)=liftingstepapplyA(-lambdal,x(1:1en));

% Reorganize the coefficients
1=x(1:2:(len-1));
h=x(2:2:1en);
x(1:1len)=[1 h];

end

Xnew=x;

function x=IDWTImpl53(xnew,m)
lambdal=-1;
lambda2=0.125;
alpha=0.5;
beta=2;

for mres=m: (-1):1
len=length(xnew) /2"~ (mres-1) ;

% Reorganize the coefficients first
1=xnew(1: (len/2));

h=xnew((len/2+1) :1len) ;

xnew(1:2: (len-1))=1;
xnew(2:2:1en)=h;

xnew(1:len)=liftingstepapplyA(lambdal,xnew(1:1len)) ;
xnew(1:len)=liftingstepapplyB(lambda2,xnew(1:1len));
xnew(1:2: (1en-1))=xnew(1:2: (1en-1))*alpha;
xnew(2:2:1en)=xnew(2:2:1en) *beta;

end

X=XNew;

3 The code can look like this:

function xnew=DWIImpl97(x,m)
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lambdal=-0.586134342059950;
lambda2=-0.668067171029734;
lambda3=0.070018009414994 ;
lambda4=1.200171016244178;
alpha=0.869864451624777 ;
beta=1.149604398860250;
for mres=1:m
len=length(x) /2" (mres-1);
x(1:2: (Ten-1))=x(1:2: (len-1)) /alpha;
x(2:2:1en)=x(2:2:1en) /beta;
x(1:1len)=liftingstepapplyB(-lambda4,x(1:1en));
x(1:1len)=liftingstepapplyA(-lambda3,x(1:1en));
x(1:1len)=liftingstepapplyB(-lambda2,x(1:1len));
x(1:1len)=liftingstepapplyA(-lambdal,x(1:1en));

% Reorganize the coefficients
1=x(1:2:(len-1));
h=x(2:2:1en) ;
x(1:1len)=[1 h];

end

XNew=X;

function x=IDWIImpl97(xnew,m)
lambdal=-0.586134342059950;
lambda2=-0.668067171029734;
lambda3=0.070018009414994 ;
lambda4=1.200171016244178;
alpha=0.869864451624777 ;
beta=1.149604398860250;
for mres=m: (-1):1

len=length(xnew) /2"~ (mres-1) ;

% Reorganize the coefficients first
1=xnew(1: (len/2));
h=xnew((len/2+1) :1en) ;

xnew(1:2: (1en-1))=1;
xnew(2:2:1en)=h;

xnew(1:len)=liftingstepapplyA(lambdal,xnew(1:1len)) ;
xnew(1:1len)=liftingstepapplyB(lambda2,xnew(1:1len)) ;
xnew(1:1en)=liftingstepapplyA(lambda3,xnew(1:len)) ;
xnew(1:len)=liftingstepapplyB(lambda4,xnew(1:len)) ;
xnew(1:2: (1en-1))=xnew(1:2: (1en-1))*alpha;
xnew(2:2:1en)=xnew(2:2:1en) *beta;
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Figure 12.21: Secret message revealed!

end
X=XNew;

Section 10.2

1 The following code can be used:

’255*((img( i, 1, 1) +img(:, 0, 2)+img(:,:,3))/3>=128

2 The following code can be used:

’ imwrite(uint8(contrastadjust(img,0.01)), ’contrast4.png’,’png’) ;

3
a The code could look as follows:
function newimg=contrastadjust0(img,n)
newimg = img/255; % Maps the pixel values to [0,1]
newimg = atan(n*(newimg-1/2))/(2*atan(n/2)) + 1/2;
newimg = newimg*255; % Maps the values back to [0,255]
b The following code can be used:
imwrite (uint8(contrastadjust0(img,10)),’contrast3.png’,’png’) ;
4

b The secret message is revealed in Figure 12.21.

5 The following code can be used:
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excerpt=255*mapto01 (sqrt (img(:,:,1) .~ 2+img(:,:,2) .~ 2+img(:,:,3).72));
excerpt=excerpt(170:340,170:340) ;
imwrite(uint8(excerpt) , ’ggl2part.png’, ’png’) ;

newmolecule=conv([1 3 3 1],[1 3 3 1]1);
newmolecule=newmolecule’ *newmolecule/4096;
imwrite(uint8(smooth(excerpt,newmolecule) ), ’smooth2.png’, ’png’) ;

imwrite(uint8(smooth(excerpt, [1 2 1; 2 4 2; 1 2 1]/16)),’smoothl.png’,’p

6 The following code can be used:

excerpt=255*mapto01 (sqrt (img(:,:,1) .~ 2+img(:,:,2) .~ 2+img(:,:,3).72));
excerpt=excerpt(170:340,170:340) ;

res=smooth(excerpt, [0 0 0; -1 0 1; 0 0 0]/2);
imwrite(uint8(contrastadjust0(255*mapto01(res),50)), ’px31.png’, ’png’) ;

resl=res;

res2=smooth(excerpt, [0 -1 0; 0 0 0; 0 1 0]1/2);

grad=sqrt(resl. 2+res2.72);

imwrite(uint8(grad) ,’gradl.png’,’png’) ;

imwrite (uint8(255%mapto01(grad)), ’grad2.png’, ’png’) ;
imwrite(uint8(contrastadjust0(255*mapto01(grad),50)),  grad.png’, ’png’) ;

imwrite (uint8(contrastadjust(255%mapto01(resl),0.01)), px3.png’, ’png’) ;
imwrite(uint8(contrastadjust(255*mapto0l(res2),0.01)), ’py.png’, ’png’) ;

resxx=smooth(res1,[0 0 0; -1 0 1; 0 0 0]/2);
resxy=smooth(res1,[0 -1 0; 0 0 0; 0 1 01/2);
resyy=smooth(res2,[0 -1 0; 0 0 0; 0 1 0]/2);
imwrite (uint8(contrastadjust0(2554mapto0l (resxx),100)) , ’dxx.png’, *png’)
imwrite(uint8(contrastadjust0(255*mapto01 (resxy),100)),’dxy.png’, ’png’)
imwrite (uint8(contrastadjust0(2554mapto0l (resyy) ,100)) ,’dyy.png’, *png’)

Section 11.1

2 We have that the computational molecule of I ® T is

rev(l) @rev(1/2,0,-1/2) = (1) ® (=1/2,0,1/2)
0 L [0
= (1) (-2 0 1/2) =5 |1
0 0

o O O

0
1
0

This is seen to coincide with the molecule from Equation 10.7 in Example 10.19.
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3 We have that the computational molecule of T'® T is

rev(1/2,0,-1/2) ®rev(1/2,0,-1/2)
=(-1/2,0,1/2) ® (—1/2,0,1/2)

-1/2 (1 0 -1
= 0 J(-1/2 0 1/2)21 0 0 0
1/2 -1 0 1

This is seen to coincide with the molecule from Equation 10.10 in Example 10.19.
6 We have that
F(amy + By, y) = (amy + fo2) @ y = (axy + B2y’

azy’ + Broy’ = a(z1 ®@y) + Bz @ y)
aF(xi,y) + BF(x1,y).

The second statement follows similarly.
7

a Multiplicaton with the matrix

0 0 O 0 0 1
0 0 O 01 0
r=1: :: : R
o010 --- 0 00
100 --- 0 0 O

reverses the elements in a vector. This means that

(TeD(xey));=((Tz)®y)i,; = (T)y; =2m-1-Y; = (T @ Y)M—1-i;-

This means that also ((T'® 1) X); ; = Xar—1—s,; for all X, so that T'® I reverses
rows, and thus is a solution to a..

b Similarly one shows that I ® T' reverses columns, and is thus a solution to
b..

c It turns out that it is impossible to find S and T so that transposing a
matrix X corresponds to computing (S ® T)X. To see why, S and T would
need to fulfill

(S®T)(e;®e)) = (Sei) ® (Te;) = ¢; @ e,

since e; ® e; is the transpose of e; ® e;. This would require that Se; = e; for
all ¢, j, which is impossible.

9
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a The computational molecule of T ® T is

1 121
rev(l,2,1) ®@rev(1,2,1) = (1,2, 1) ® (1,2,1) = (2| (1 2 1)=(2 4 2
1 121
b We get that
1 2
A={2|(B 2 )+ (2|1 4 2
3 2
3.2 1 2 8 4 5 10 5
=16 4 2]+[2 8 4|=[8 12 6
9 6 3 2 8 4 11 14 7

¢ We need to compute (T ® T)A = TATT, which corresponds to first ap-
plying T' to every column in the image, and then applying 7' to every row in
the resulting image. If we apply T to every column in the image we first get
29 46 23
the matrix TA = [ 32 48 24 |. If we apply the filter to the rows here we
35 50 25
127 144 121
get TATT = (136 152 128 |. Since the filter which is applied is a lowpass
145 160 135
filter, the new image should look a bit more smooth than the original image.

Section 11.2

1 The following code can be used:

function newX=FFT2Impl (X)

for k=1:2

for s=1:size(X,2)
X(:,s)=FFTImpl(X(:,s));

end
X=X’;

end

newX=X;

function newX=IFFT2Impl (X)

for k=1:2

for s=1:size(X,2)
X(:,s)=IFFTImpl(X(:,s));

end
X=X,

end

newX=X;
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function newX=DCT2Impl (X)

for k=1:2

for s=1:size(X,2)
X(:,s)=DCTImpl(X(:,s));

end
X=X’;

end

newX=X;

function newX=IDCT2Impl(X)

for k=1:2

for s=1:size(X,2)
X(:,s)=IDCTImpl(X(:,s));

end
X=X’;

end

newX=X;

2 The following code can be used:

function newX=transform2jpeg(X)
numblocksx=size(X,1)/8;
numblocksy=size(X,2)/8;
for bx=0: (numblocksx-1)
for by=0: (numblocksy-1)
X((1+8+%bx) : 8 (bx+1) , (1+8%by) : 8 (by+1))=. ..
DCT2Impl (X( (1+8*bx) : 8% (bx+1) , (1+8%by) : 8% (by+1))) ;
end
end
newX=X;

function X=transform2invjpeg(newX)
numblocksx=size(newX,1)/8;
numblocksy=size(newX,2)/8;
for bx=0: (numblocksx-1)
for by=0: (numblocksy-1)
newX((1+8xbx) : 8% (bx+1) , (1+8*by) : 8% (by+1))=. ..
IDCT2Impl (newX ((1+8%bx) : 8 (bx+1) , (1+8xby) : 8+ (by+1))) ;
end
end
X=newX;

3 In the first part of the code one makes a change of coordinates with the DFT.
More precisely, this is a change of coordinates on a tensor product, as we have
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defined it. In the last part the change of coordinates is performed the opposite
way. Both these change of coordinates is performed is performed the way we
have described them, first on the rows in the matrix, then on the columns.
The parameter threshold is used to neglect DFT-coefficients which are below
a certain value. We have seen that this can give various visual artefacts in
the image, even though the main contents of the image still may be visible. If
we increase threshold, these artefacts will be more dominating since we then
neglect many DFT-coefficients.

Section 12.1

2 The following code can be used:

function Xnew=DWI2HaarImpl (X,m)

for mres=1:m
li=size(X,1)/2" (mres-1);
12=size(X,2) /2" (mres-1) ;
for s=1:12

X(1:11,s)=DWTHaarImpl(X(1:11,s),1);

end
X=X’;

for s=1:11
X(1:12,s)=DWTHaarImpl(X(1:12,s),1);
end
X=X’;
end
Xnew=X;

function X=IDWT2HaarImpl(Xnew,m)
for mres=m: (-1):1
li=size(Xnew,1) /2" (mres-1) ;
12=size(Xnew,2) /2" (mres-1);

for s=1:12
Xnew(1:11,s)=IDWTHaarImpl(Xnew(1:11,s),1);
end
Xnew=Xnew’ ;
for s=1:11
Xnew(1:12,s)=IDWTHaarImpl (Xnew(1:12,s),1);
end
Xnew=Xnew’ ;
end
X=Xnew;
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a The following code achieves the task:

function showDWTlowerHaar (m)
img=double(imread(’lena.png’,’png’));
for k=1:3
img(:, :,k)=DWT2HaarImpl (img(:, :,k) ,m);
end
[11,12,13] =size(img) ;
tokeep=img(1: (11/(2™m)),1: (12/(2™m)),:);

img=zeros(size(img)) ;
img(1: (11/(2"m)),1: (12/(2°m)), : )=tokeep;
for k=1:3

img(:, :,k)=IDWT2HaarImpl (img(:,:,k) ,m);
end

imshow (uint8(255*mapto01(img))) ;

c There is no reason to believe that image samples returned by the function
lie in [0, 255]. You can check this by printing the maximum value in the returned
array on screen inside this method.

4 The following code can be used

function showDWTlowerdifferenceHaar (m)

img=double(imread(’lena.png’,’png’)) ;
for k=1:3

img(:, :,k)=DWT2HaarImpl (img(:, : k) ,m);
end
[11,12,13]=size(img) ;
img(1: (11/2"m),1: 12/2"m), : )=zeros(11/2"m,11/2"°m,3) ;
for k=1:3

img(:, :,k)=IDWT2HaarImpl (img(:, : ,k) ,m);
end
imshow (uint8(2654mapto01 (img))) ;

a The following code can be used:

function Xnew=DWT2Impl53(X,m)

for mres=1:m
1l1=size(X,1) /2" (mres-1);
12=size(X,2) /2" (mres-1) ;
for s=1:12

X(1:11,8)=DWTImpl53(X(1:11,8),1);

end
X=X’;
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for s=1:11
X(1:12,8)=DWTImpl53(X(1:12,s),1);
end
X=X’;
end
Xnew=X;

function X=IDWT2Impl53(Xnew,m)
for mres=m:(-1):1
ll=size(Xnew,1) /2" (mres-1) ;
12=size(Xnew,2) /2" (mres-1);
for s=1:12
Xnew(1:11,s)=IDWTImpl53 (Xnew(1:11,s),1);
end
Xnew=Xnew’ ;

for s=1:11
Xnew(1:12,s)=IDWTTImpl53(Xnew(1:12,s),1);
end
Xnew=Xnew’ ;
end
X=Xnew;

b The following code can be used:

function Xnew=DWT2Impl97(X,m)

for mres=1:m
l1=size(X,1) /2" (mres-1) ;
12=size(X,2) /2" (mres-1) ;
for s=1:12

X(1:11,s)=DWTImpl97 (X(1:11,s),1);

end
X=X’;

for s=1:11
X(1:12,s)=DWTImpl97(X(1:12,s),1);
end
X=X’;
end
Xnew=X;

function X=IDWT2Impl97 (Xnew,m)
for mres=m: (-1):1
li=size(Xnew,1) /2" (mres-1);
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12=size(Xnew,2) /2" (mres-1);
for s=1:12
Xnew(1:11,s)=IDWTImpl97 (Xnew(1:11,s),1);
end
Xnew=Xnew’ ;

for s=1:11
Xnew(1:12,s)=IDWTImpl97 (Xnew(1:12,s),1);
end
Xnew=Xnew’ ;
end
X=Xnew;

The following code can be used:

function showDWTlower53(m)

img=double(imread(’lena.png’,’png’)) ;
for k=1:3

img(:, : ,k)=DWT2Impl53(img(:, : k) ,m);
end
[11,12,13]=size(img) ;
tokeep=img(1: (11/(2™m)),1: A2/(2°m)),:);
img=zeros(size(img)) ;
img(1: (11/(2"m)),1:(12/(2°m)), :)=tokeep;
for k=1:3

img(:, : ,k)=IDWT2Impl53(img(:, :,k) ,m);
end
imshow(uint8(255*mapto01(img))) ;

function showDWTlower97 (m)
img=double(imread(’lena.png’,’png’));
for k=1:3

img(:, :,k)=DWI2Impl97 (img(:,:,k) ,m);
end
[11,12,13]=size(img) ;
tokeep=img(1: (11/(2™m)),1: A2/(2°m)),:);
img=zeros(size(img)) ;
img(1: (11/(2°m)),1:(12/(2°m)), :)=tokeep;
for k=1:3

img(:, :,k)=IDWT2Impl97 (img(:, :,k) ,m);
end
imshow(uint8(255*mapto01(img))) ;

a The following code can be used:
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function showDWTlowerdifference53(m)

img=double(imread(’lena.png’, ’png’));
for k=1:3

img(:, :,k)=DWT2Impl53(img(:, :,k) ,m);
end
[11,12,13]=size(img) ;
img(1: (11/2"m),1: (12/2"m), : )=zeros(11/2"m,11/2"°m,3) ;
for k=1:3

img(:, :,k)=IDWT2Impl53(img(:, :,k) ,m);
end
imshow(uint8(255*mapto01(img))) ;

function showDWTlowerdifference97 (m)

img=double(imread(’lena.png’,’png’));
for k=1:3

img(:, :,k)=DWT2Impl97 (img(:,: ,k) ,m);
end
[11,12,13]=size(img) ;
img(1: (11/2"m),1: (12/2"m), : )=zeros(11/2°m,11/2"°m,3) ;
for k=1:3

img(:, : ,k)=IDWT2Impl97 (img(:,:,k) ,m);
end
imshow(uint8(255*mapto01 (img))) ;

b After the replacements in the function showDWTall, we get code which
looks like this

function showDWTalldifference(m)
disp(’Haar wavelet’);
showDWTlowerdifferenceHaar (m) ;
disp(’°5/3 wavelet’) ;
showDWTlowerdifference53(m) ;
disp(’9/7 wavelet’) ;
showDWTlowerdifference97 (m) ;

Section 12.2
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Nomenclature

T Symmetric extension of a vector
T DFT of the vector x
As Continuous requency response of a filter

Asn  Vector frequency response of a filter

w Angular frequency
® Direct sum
® Tensor product

x(®)  Vector of even samples

2(©)  Vector of odd samples

b, Wavelet basis, before transform

Ey Filter which delays with d samples

Fyn N x N-DCT matrix

Fy N x N-Fourier matrix

O(f(x)) Order of a function

O(N) Order of an algorithm

St Matrix with the columns reversed

Vnr N’th order Fourier space

Wf,?’” Resolution m Complementary wavelet space, LH
W,S% 0" Resolution m Complementary wavelet space, HL
Wi Resolution m Complementary wavelet space, HH

Cm, Wavelet basis, after transform, reordered
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Dy ={dy,d1, - ,dy_1} N-point DCT basis for R
Dnr Order N Fourier basis for Vi r
En = {ep,e1,--- ,en_1} Standard basis for R

Fn,o  Order N complex Fourier basis for Viy 1
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Mathematics index

AD conversion, 47

algebra, 87

analysis, 20
equations, 20

angular frequency, 94

bandpass filter, 107

bit rate, 47

block, 285

block diagonal matrices, 204
block matrix, 75

change of coordinates

in tensor product, 297
Complex Fourier coefficients, 29
continuous sound, 8
convolution

sequences, 101

vectors, 100
coordinate matrix, 296

DCT basis, 137
DCT coefficients, 137
DCT matrix, 137
detail space, 163
DFT coefficients, 56

digital

sound, 8, 46
digital filter, 86
Direct sum

canonical basis, 170

linear transformations, 180
direct sum

vector spaces, 163
Dirichlet conditions, 21
Discrete Cosine transform, 137
Discrete Wavelet Transform, 171

elementary lifting matrix
even type, 249
odd type, 249
error-resilient, 285

FFT factorization, 76

filter coefficients, 84
Fourier analysis, 17
Fourier coefficients, 19
Fourier domain, 20
Fourier matrix, 56
Fourier series, 18
Fourier space, 18
Fourier transform
discrete, 56
frequency domain, 20
frequency response
continuous, 94
vector, 86

Haar wavelet, 172
highpass filter, 107

ideal highpass filter, 107
ideal lowpass filter, 107
IDFT, 58
impulse response, 90
interpolating polynomial, 69
interpolation formula, 72

ideal

periodic functions, 72
Inverse Discrete Wavelet Transform,
171

least square error, 18
length, 100
lifting factorization, 251
linear phase

digital filters, 132
lowpass filter, 107
LTI filters, 119

mother wavelets, 166
MRA-matrix, 205
multiresolution analysis, 177
multiresolution model, 155

Order N complex Fourier basis for
VT, 28
Order N Fourier basis for Vy 7, 20



Order of a function, 78
Order of an algorithm, 78

Parallel computing

with the DCT, 147

with the DWT, 285

with the FFT, 79

with the revised FFT, 151
perfect reconstruction system, 211
pure digital tones, 55

samples, 47
sampling, 47

frequency, 47

period, 47

rate, 47
scaling function, 159, 177
separable extension, 303
sound channel, 49
square wave, 15
subband

HH, 306

HL, 306

LH, 306

LL, 307
symmetric extension, 65
synthesis, 20

equation, 20

vectors, 57

tensor product, 287
of function spaces, 303
of functions, 303
of matrices, 289
of vectors, 289

tile, 285

time domain, 20

time-invariant, 119

Toeplitz matrix, 83
circulant, 83

triangle wave, 15

Wavelet basis, after transform, re-
ordered, 204

Wavelet basis, before transform, 204

wavelet coefficients, 171
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Index for MATLAB commands

audioplayer, 49
conv, 101, 116

det, 141
double, 268

ft, 77

idct, 141

ifft, 77
imageview, 269
imread, 268

imwrite, 268

play, 48
playblocking, 48

rand, 52
uint8, 268

wavread, 49
wavwrite, 49
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