Problen 4.6: Assume that {u, }nen is a sequence of measure on (X, .A), and
that {ay, fnen is a sequence of positive real numbers. We shall show that

v(A) = Z ap fin (A)
n=1
defines a measure on (X,.A4). We need to show that:
(i) »(0) =0

(i) (Ui Am) = > ooy V(Ap,) for all disjoint sequences { Ap, }rmen from A.

The first point is trivial

v(0) = Zanﬂn((b) = Zano =0
n=1 n=1

For the second point, observe that

v( U Am) = Zanﬂn( U Am) = Zan Z pn(Am) = Z Z Qi (A
m=1 n=1 1

m= n=1 m=1 n=1m=1

On the other hand

Z V(Am) = Z Z anﬂn(Am)
m=1 m=1n=1

and hence we have to prove that

n=1m=1 m=1n=1

There are several ways to show this, but I shall follow the suggestion in
the book.
By definition

oo o0 i 0o
>3 () = i 3 3 () =
n=1m=1 n=1m=1
: J i J
=fim D Jim > anpin(dm) = Jim fim D D cofin(Am)
n=1 m=1 n=1m=1

If we put f; ; = 22:1 anzl anpin(Ap), we hence have

i i a”lu’n(Am) = lim lim /ﬁi,j

1—00 J—00
n=1m=1



By symmetry

Z Z antin(Am) = lim lim 3; ;
m=1n=1 Jmeormee

Since the sequence f3;; is increasing in both ¢ and j, we may replace the
limits by suprema

Z Z Oémun(Am) = supsup ﬂivj

== i€N jeN
and

o0 o0

> > anpin(Am) = supsup B

It thus suffices to show that

sup sup 3; ; = supsup 3; ;
ieN jeN jeN ieN

This is a general property which holds for all index sets:

Proposition: For any two sets I, J and all double sequences {f; ;}icr jes
of real numbers

supsup fB; ; = supsup 3 ;
i€l jeJ jeJ iel

Proof: We shall show that

supsup 3;; = sup{B;;|i € I,j € J} (1)
iel jeJ

By symmetry, we then have

supsup 3;j =sup{f; i€ l,j e J}
jel ied

and the equality in the proposition follows.
To prove (i), observe that for any fixed i € I,

SUIJ)/Bi,j < sup{ﬂm- ‘ 1 € I,] S J}
je

as we on the left are taking the supremum over a smaller set than on the
right. But then

supsup f;,; < sup{f;; [i € [,j € J}

i€l jeJ
To prove the opposite inequality, let 7 be any number smaller than sup{3; ; | i €
I,5 € J}. There must be indicies ig € I,jo € J such that g, j, > r, and

hence

sup B, > 1
jeJ



But then

supsup i ; > 7
iel jeJ

and since this holds for all » < sup{f; ;|i € I,j € J}, we must have

supsup f;; > sup{f;j|li € 1,j € J}
iel jeJ

As we already have the opposite inequality, (1) is proved.



