13 Product measures and Fubini’s

theorem
Solutions to Problems 13.1-13.14

Problem 13.1 e We have

(x,y) € (UAZ> X B <— SCEUAi and y € B

< dip : v€A,andy€e B
<~ Jig : (x,y) € A;;, x B

= (z,y) €| A x B).

7

e We have

(x,y) € (ﬂA,) X B < xeﬂAiandyGB
— Vi:zxe€A andyeB
< Vi: (z,y) € A; x B
— (z,y) €[ (A x B).

)

e Using the formula A x B = 7y (A) N7, ' (B) (see page 120 and
the fact that inverse maps interchange with all set operations, we
get

(Ax B)N (A x B') = [Wfl(A) N wgl(m} N [wl’l(A’) N 7@1(3/)}
= [m @y nm )] 0wt B N (B))]

=mH(ANA)Nm (BN B)
=(ANA4) x (BNnB).

e Using the formula A x B = m;*(A) Nm, *(B) (see page 120 and
the fact that inverse maps interchange with all set operations, we
get

A x B=nY (AN, Y (B)

1
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= (X x B)N [w;l(A)
= (X x B)N [A x B]
= (X x B)\ (A x B).

e We have

AxBCAXB < [(v,y) € AxB = (z,y) € A x B'|
< [reAyeB = zeA,yeB]
«— AcCA', BcB.

Problem 13.2 Pick two exhausting sequences (Ai)r C A and (Bg)r C B
such that p(Ag),v(Bg) < oo and Ay T X, By T Y. Then, because of
the continuity of measures,

uXV(AXN):liquXV((AxN)ﬂ(Akka))
—hm,uxu((AﬁAk) (N N By))
:lllgn[ p(AN Ag) - (NﬂBk)}

< oo 6u( )=0

=0.
Since A x N € A x B C A ® B, measurability is clear.

Problem 13.3 Since the two expressions are symmetric in z and y, they
must coincide if they converge. Let us, therefore only look at the left
hand side.

The inner integral,

e sinx A(dx)
(0,00)

clearly satisfies

/ le™™sinz| A(dz) < / e Y \(dx)
(0,00) (0,00)

o
:/ e Ydx
0
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-7
a Y =0

1

T

Since the integrand is continuous and has only one sign, we can use
Riemann’s integral. Thus, the integral exists. To calculate its value we
observe that two integrations by parts yield

oo
— ye Y cosxdx
0 0

oo 00
/ e Ysinrdr = —e "Ycoszx
0

r=

=1 —y/ e "cosxdx
0

+ / ye “Ysinx dac)
=0 0

=1 —y2/ e Wsinxdr.
0

=1- y(e‘wy sin x

And if we solve this equality for the integral expression, we get

1
1+92°

o0 [o/¢]
(1+ 92)/ e Wsinzdr =1 = / e Weinx dr =
0 0

Alternative: Since sinz = Im e’ we get

/ e sinmdlem/ e~ W=D% dp = Tm - =TIm y2+z = — .
0 0 y—i 2+1 241

Thus the iterated integral exists, since

Jo

(Here we used again that improper Riemann integrals with positive
integrands coincide with Lebesgue integrals.)

™

sinx 1 00
dr < / dr = arctanz|. = —.
(0,00)

14 22

14 22 0 2

In principle, the existence and equality of iterated integrals is not good
enough to guarantee the existence of the double integral. For this
one needs the existence of the absolute iterated integrals—cf. Tonelli’s
theorem 13.8. In the present case one can see that the absolute iterated
integrals exist, though:

On the one hand we find
o

1
/ e ™|sin(z)| AM(dz) < ==
(0,00) Yo Y
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is, as a bounded continuous function, Lebesgue integrable over

and S2Y
(0,1).
On the other hand we can use integration by parts to get
(k+1)7 —zy (k+1)m —zy
/ e sinzdr = sinx‘](fr m_ / € coszdx
km -y T km -y
—zy (k+D)7 —ay
= 5 cos:zc|,(ck+1)7r —/ ‘ 5(=1)sinzdx
-y T km -y
which is equivalent to
241 (k+1)m —(k+1)my —kmy
Y _IQ— / e Wsinxdr = 8—2(—1)kJrl 6—2(—1)k
Y km -y -y
—1)*

k+1)T oy s _ - —k
fkf e~ sing dr = (—1)’“y21+1(e (ktD)my 4 e=hmy),

Now we find a bound for y € (1, 00).
0 (k+1)m
/ e sinz(—1)* do
k

/ e~ sin(x)|dx = Z
(0,00)
1 — (k1) —kn
(e Ve )

= Z(—l)k(—l)kﬁ

Y

which means that the left hand side is integrable over (1, 00)

Thus we have

/ / le™ ™ sin z sin y| A(dx) M(dy)
(0,00) J(0,00)

sin y
< A(dy) +/
/(0,1} (1,00) Y2 + 1

oo
W) e
=0

Y

< Q0.
By Fubini’s theorem we know that the iterated integrals as well as the

double integral exist and their values are identical
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Problem 13.4 Note that
d y 12 _ y2

dy @+ (2% + y?)?

Thus we can compute

% — y? 1 1T
dydx—/ dr = arctanz| = —.
/01 /01) (2% +y?)? ((),1)5’52“‘1 ‘0 4

By symmetry of x and y in the integrals it follows that

dd =
/01/01 :172+y yer=

and therefore the double integral can not exist. Since the existence
would imply the equality of the two above integrals. We can see this

directly by
— y
5| dydx = / / x2 dy dx

Joo Sl

1'2

Problem 13.5 Since the integrand is odd, we have for y # 0:

Ty
————dxr =0
/(1,1) (2% +y?)?

and {0} is a null set. Thus the iterated integrals have common value 0.
But the double integral does not exist, since for the iterated absolute

integrals we get
/1/|y|
i > /
~ (&2 +1)? ] 52

/(_171)

Here we used the substitution z = £|y| and the fact that |y| < 1, thus
1/ly| = 1. But the outer integral is bounded below by

Ty
(224 9?)

/ dy which is divergent.
1,1) |y|
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Problem 13.6 (i) Since for continuous integrands over a compact interval

Riemann and Lebesgue integrals coincide, we find

lim e " A(dt) = lim e " dt
k—o0 (0,k) k—oo [0,k]
—tx |k
= lim
k—oo —XI 0
. ehe 1 1
= lim - —=—.
n—oo —I —X x

(ii) Since ]sm:vak) e™™ dt| < |¥22] and since sinz/x is continuous

and bounded on the interval [0, n], we can use dominated conver-
gence to get

sin x

lim A(dz) = lim sinz lim e " dt dx
= Jon) T =% J(0,n) k=00 J(0,k)

= lim lim / / sinx e ¥ dt dx.
n—oo k—o00 0, TL 0, k_

Since the integrand is continuous and since we integrate over a
(relatively) compact set we can use Fubini’s theorem and find
) sin@
lim
e Jom) ¥

= lim lim / / sinz e % dx dt
n—o0 k—oo 0,k) J (0 n)

(1 — e ™(cosn + tsmn)) dt

A(dx)

= lim lim 5
n—o0 k— o0 (O,k)t +1

where we also used that

b
/ e Weinx dr = /7 :_ . (e"™(cosa +ysina) — e % (cosb + ysin b))
Since
Liom)(t) ! (1 — e ™(cosn + tsinn))
O 1
2 t

e " e L0, 00),

<
SEL Pr1
dominated convergence yields
sinx 1

lim Adz) = lim - <1 — e_"t(cosn—i—tsinn)) dt
n—o0 J(on) & ( ) n—0 J(0,00) 2 +1




Chapter 13. Solutions 13.1-13.14. Last update: 18-Mar-06 7

and, again by dominated convergence, since the integrand is for

n > 1 bounded by the integrable function (0,00) > t +— %5 +
t —t

21 €

sin x

lim
"o Jom)

1 o T
Mdx) = ——— dt = arctant| = —.
(dz) /(Ovoo) 241 o =3

Problem 13.7 Note that the diagonal A C R? is measurable, i.e. the (dou-
ble) integrals are well-defined. The inner integral on the 1.h.S. satisfies

/[01] 1a(2,5) Mdz) = A({y}) =0 vy € [0, 1]

so that the left-hand side

// lA(x,y)A(dw)M(dy)z/ 0 p(dy) = 0.
[0,1]/10,1] [0,1]

On the other hand, the inner integral on the right-hand side equals

[ 1) = uilay) <1 Ve o

so that the right-hand side

/[071}/[0’1] 1a(z,y) p(dy) AM(dx) = /[0,1] 1\(dz) = 1.

This shows that the double integrals are not equal. This does not
contradict Tonelli’s theorem since u is not o-finite.

Problem 13.8 (i) Note that, due to the countability of N and N x N
there are no problems with measurability and o-finiteness (of the
counting measure).

Tonelli’s Theorem. Let (a;x);ken be a double sequence of pos-
itive numbers a;; > 0. Then

DD aw = >
jEN keN keN jeN
with the understanding that both sides are either finite or infinite.

Fubini’s Theorem. Let (ajx);ken C R be a double sequence of
real numbers aj;. If

SO lagel or D> a

JEN keN keN jeN
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is finite, then all of the following expressions converge absolutely
and sum to the same value:

Z(ZI%M) Z(ZMH), > lagl

jEN N EkeN keN * jeN (4,k)eNxN

(i) Consider the (obviously o-finite) measures p; := 37, 0 and
v =) icnH;- Tonelli’s theorem tells us that

ol = [ Jwel (k) pa()
JEE;’;AJ k /N/N k| K piaj
_ /N /N e L, () (k) pu( )
_ / / il La, () () pa(dk)

= [t ([ 10,0000 ) ta)
N A\ YN
=1, asthe ;4,] are disjoint
= [ sl ntan)
N
= |al.

keN

Problem 13.9 (i) Set U(a,b) := a —b. Then

and U(u(z),y) 1) (y) is a combination/sum/product of B(R?)
resp. B(R)-measurable functions. Thus S[u] is B(R?)-measurable.

(ii) Yes, true, since by Tonelli’s theorem
WSlul) = [ (o) X2da,0)
- \/R/R 1{(x,y) : u(:c)>y>0}(x7 y) Al(dy) )‘1 (dl’)

_ /R /[O . AL (dy) A (dx)
:/Ru(m) M (dz)
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(iii) Measurability follows from (i) and with the hint. Moreover,
W0l = [ (o) (o)
= // L{(a) : y=u(e)} (2, y) X' (dy) N (do)

/ /u o D) N )

—/ e Vs

Il
O\

Problem 13.10 The hint given in the text should be good enough to solve
this problem....

Problem 13.11 Since (i) implies (ii), we will only prove (i) under the as-
sumption that both (X, A, 1) and (Y, B, v) are complete measure spaces. |
Note that we have to assume o-finiteness of u and v, otherwise the prod-
uct construction would not work. Pick some set Z € P(X) \ A (which
is, because of completeness, not a null-set!), and some v-null set N € B
and consider Z x N.

We get for some exhausting sequence (Ag)r C A, Ax T X and u(Ay) <
00

p X v(X x N)=suppu x v(Ag x N)

keN
— sup (u(Ag) - ¥(N))
kEN S~~~ =~~~
< 00 =0

thus Z x N C X x N is a subset of a measurable i x v null set, hence
it should be A ® B-measurable, if the product space were complete.
On the other hand, because of Theorem 13.10(iii), if Z x N is A ® B-
measurable, then the section

v 1yn(z,y) = 17(2)1y(y) 2 14(2)

is A-measurable which is only possible if Z € A.
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Problem 13.12 (i) Let A € B[0,00) ® P(N), fix k£ € N and consider
14(z,k) and By :={z : 1a(z, k) =1};
because of Theorem 13.10(iii), By € B|0, c0). Since

(x,k) € A <= 14(z, k) =1
< JkeN: 1(x,k)=1
<— dkeN: ze B,
it is clear that A = J,y Br x {k}.

(i) Let M € P(N) and set ¢ := >, d;; we know that ¢ is a (o-finite)
measure on P(N). Using Tonelli’s theorem 13.8 we get

7(Bx M):= Y m(Bx{m})

meM
Lt
=D [ et npld)
meM B m

which shows that the measure 7(dt,dm) := e™" £ 1 x ((dt,dm)
has all the properties required by the exercise.

The uniqueness follows, however, from the uniqueness theorem
for measures (Theorem 5.7): the family of ‘rectangles’ of the form
B x M € B[0,00) x P(N) is a N-stable generator of the product
o-algebra B[0,00) ® P(N) and contains an exhausting sequence,
say, [0,00) x {1,2,...k} 1 [0,00) x N. But on this generator 7 is
(uniquely) determined by prescribing the values (B x {m}).

Problem 13.13 (i) This is similar to Problem 7.9, in particular (i) and
(vi).

(ii) Note that

1p(z,y) = 1 (2) 1 (v)
= 1a5)(¥) (0 ()
= 1104 (%) L0, (¥) Lj0,00) (¥ — 7);
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(i)

the last expression is, however, a product of (combinations of)
measurable functions, thus 1z is measurable and so is then B.

Without loss of generality we can assume that a > 0, all other
cases are similar.

Using Tonelli’s theorem 13.8 we get
pxv(B) = // 1p(z,y) p x v(dz, dy)
- // l(a»b](y)l(my}(x) px v(dz,dy)

- /H /(] ldz) v(dy)

- /< , WG = F@)(G) - Gla). ()

We remark at this point already that a very similar calculation
(with p, v and F, G interchanged and with an open interval rather
than a semi-open interval) yields

/ / Ly (9) 1y (x) v(dly) pu(dr)

(**)
= s G(y—)dF(y) — G(a) (F(b) — F(a)).
On the one hand we have
1 x v((a,b] x (a,b]) = p(a,blv(a,b] )

= (F(b) ~ F()) (G(b) ~ G(a)
and on the other we find, using Tonelli’s theorem at step (T')
pxv((a,b] x (a,b])
_ / / 10y (0) L0y (4) () v(dy)
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~ [ vty ) vidy) +

+ / / L(a,5(%)L(am) (y) p(dx) v(dy)
z / / 10y (2) L0y () pr(d) v(dy) +

+ [ [ L)1) vidy) i)

*f%#F@Mﬂw—Fwﬂm@—GW»+

N

[ G-)dr) - G@(FO) - Fla).
(a,0]

Combining this formula with the previous one marked (+) reveals
that

F(b)G(b)—F(a)G(a)Z/( b]F(y)dG(y)+/ Gy—) dF(y).

(a,b]

Finally, observe that

| ()= P o) = [ uttuh)vidy
(a,b] (a,b]

= > ul{yhHvdy})

a<y6b

= ) AF(y)AG(y).

a<y6b
(Mind that the sum is at most countable because of Lemma 13.12)
from which the claim follows.

It is clear that uniform approximation allows to interchange lim-
iting and integration procedures so that we *really* do not have
to care about this. We show the formula for monomials ¢, 2,3, ...
by induction. Write ¢, (t) = t", n € N.

Induction start n = 1: in this case ¢1(t) = t, ¢}(t) = 1 and
O(F(s)) — o(F(s—)) — AF(s) =0, i.e. the formula just becomes

mw—m@:[mﬁw>

which is obviously true.
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Induction assumption: for some n we know that

Ou(F(B) = n(P@) = | G(F(s=)dF (o)
+ 7 [60(F(5)) = 6u(F(s=)) = 6,(F(s=)AF(s)].

Mind the misprint in the statement of the problem!

Induction step n ~» n + 1: Write, for brevity F = F(s) and
F_ = F(s—). We have because of (iii) with G = ¢, o F' and
because of the induction assumption

On1(F(D)) = dns1(F(a))
= F(0)on(F(b)) — F(a)pn(F(a))

— / F"dF + F_dF"™ + Z AFAF™
(a,b] (a,b]
- / F'dF + | F_ ol (F_)dF+
(a,b] (a,b]
+3 [F,%(F) P gn(F.) — F,¢;L(F,)AF} +3 AFAFT
_ / ar+ [ FonFrldrs
(a,b] (a,b]
+3 [F_F" _ P F o FrIAFR 4 AFAF”}

— / (n+1)F"dF +) [F_Fn — F™' _nF"AF + AFAF"}
(a,b]

= / Fiy o FodF + 3 [F_F” — F™1 _nF"AF + AFAF"}
(a]

The expression under the sum can be written as

F F" — F™™ — nF"AF + AFAF"
=(F. — F)F" + "™ — " nF"AF + AFAF"

— P - P AF( = P T 4 AP
= P P AF (- P B+ P P

=F"t "t (p 4+ DFPAF
=¢pi1 0 F —ppp10F_ — ¢, 0o FLAF

and the induction is complete.
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Problem 13.14 Mind the misprint in the problem:
py(t) = p({lf] = t}).

(i) We find the following pictures:

f(z)4
4 >
5 L e——
2 e——s i ?
1 3 4 5 6 9 x
Mf(t)n
m3~—9
D e '(?_?
T e r""'@_?
' EN
2 3 4 t
(€)%
4 r—o
3 | - A Sreee®
e N
m1 ma m3 §

This is the graph of the
original function f(z).
Open and full dots in-

dicate  the  continuity
behaviour at the jump
points.

x-values are to be mea-
sured in p-length, ie. z
is a point in the measure
space (X, A, u).

This is the graph of the as-
sociated distribution func-
tion pif(t). It is decreasing
and left-continuous at the
jump points.

t-values are to be mea-
sured using Lebesgue mea-
sure in [0, 00).

mo — M1 = /,L([6,9])
mg — Mgy = M<[4, 5]
This is the graph of

the decreasing rearrange-
ment f*(§) of f(x). Tt
is decreasing and left-
continuous at the jump
points.

&-values are to be mea-
sured using Lebesgue mea-
sure in [0, 00).

mi, Mo, mg are as in the
previous picture.
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(ii) The first equality,

/Iflpduzp/ 7 g (t) dt,
R 0

follows immediately from Theorem 13.11 with u = | f| and p(t) =
n({lfl = 1}).

To show the second equality we have two possibilities. We can...

a) ...show the second equality first for (positive) elementary func-
tions and use then a (by now standard...) Beppo Levi/monotone
convergence argument to extend the result to all positive measur-
able functions. Assume that f(z) = Z;V:o ajlp,(r) is a positive
elementary function in standard representation, i.e. ag = 0 < a; <
-+ < a, < oo and the sets B; = {f = a;} are pairwise disjoint.
Then we have

pdf = a;}) = u{f =2 a3 \{f = aj11})
=p{f = a;}) — n({f = aj11})
= pp(aj) — pp(ajrn)  (antr := 00, pry(ant1) = 0)
= /\1((Mf aj+1),l~bf(aj)])
= X(f* = a ).
This proves
/fpdu =Y du(B) =) dN(f =a)= /(f*)pdAl
j=0 j=0
and the general case follows from the above-mentioned Beppo Levi
argument.
or we can

b) use Theorem 13.11 once again with u = f* and u = \! provided
we know that

p({lf1 =) =X {f =1).

This, however, follows from

[r€) 2t <= inf{s : pg(s) <& >t
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= pup(t) <& (as py is left cts. & decreasing)
= p({lfl=1}) <¢

and therefore

MAE: FO=2t) =2 wfl 2t <&) =ulfl =)



14 Integrals with respect to image

measures
Solutions to Problems 14.1-14.11

Problem 14.1 The first equality

Judm = [worsan

is just Theorem 14.1 combined with Lemma 10.8 the formula for mea-
sures with a density.

The second equality

/UOdeu:/ufoT_ldT(u)

is again Theorem 14.1.

The third equality finally follows again from Lemma 10.8.
Problem 14.2 We have for any C' € B

T(w)]s(C)

T(M)(B ne)
Vin Bmc)
(7"

T7HC))
MHT«M
A(T7HO))
(1214)(C).

Problem 14.3 By definition, we find for any Borel set B € B(R")

I
N T & t t

5% 6, //1Bs+t L(ds) 8, (dt)

= /]_B(ZU +t) 0, (dt)
=1p(r +y)

— [ BE) s 2)

17
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which means that ¢, x 6, = d,4,. Note that, by Tonelli’s theorem the
order of the iterated integrals is irrelevant.

Similarly, since z +t € B <= t € B — z, we find
J, * u(B) = // 1p(s + 1) d.(ds) p(dt)
_ /1B(z ) )

- / 15-.(t) (dt)

=B —2)
= 7—2(1)(B)
where 7,(t) := 7(t — 2) is the shift operator so that 7~}(B) = B — 2.

—z

Problem 14.4 Since v +y € B <= x € B — y, we can rewrite formula
(14.9) in the following way:

pev(B) = [ [ 1ate +9) ulda) )

= [ 15t utas)| i
Z/MB—MW@)
Similarly we get
pev(B) = [ (B~ y)vidy) = [ v(B = o) (o).

Thus, if © has no atoms, i.e. if pu({z}) = 0 for all z € R", we find

poeveh) = [tz — o) vidy) = [ n( (= o}) vidy) =

Problem 14.5 Because of Tonelli’s theorem we can iterate the very defini-
tion of ‘convolution’ of two measures, Definition 14.4(iii), and get

ul*---*un(B):/---/13(961+-~-+wn)u1(dw1)-“un(d$n)

so that the formula derived at the end of Remark 14.5(ii), page 138,
applies and yields

JE
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:/.../‘w1+w2+...+wn‘P(dwl)p(de)...p(dwn)

*

g/---/(|w1|+|w2|+---+!wn|> P(dw) P(dws) - - - P(dwy,)
:Zn;/.../|wj|p(dwl)P(dwg)---P(dwn)
:é?/wuw%wH/wa

- oy
=3 [l Plas)
—n [ ol Pldn)

where we used the symmetry of the iterated integrals in the integrating
measures as well as the fact that P(R™) = [ P(dwy) = 1. Note that we
can have 400 on either side.

The equality [w P*(dw) =n [ w P(dw) follows with same calculation
(note that we do not get an inequality as there is no need for the
triangle inequality at point (*) above). The integrability condition is
now needed since the integrands are no longer positive. Note that,
since w € R", the above equality is an equality between vectors in R";
this is no problem, just read the equality coordinate-by-coordinate.

Problem 14.6 Since the convolution p +— wu *x p is linear, it is enough to

consider monomials of the form p(z) = z*. Thus, by the binomial

formula,
uxp(r) = /u(g; —y)y"dy
[ @)t ay

'; (f) @ / u(y) y*7 dy.

Since supp u is compact, there is some r > 0 such that suppu C B,(0)
and we get for any m € Ny, and in particular for m =k — j or m =k,

that
[t < [ bl d
supp u
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< / il oo™ dy
~(0)

=2r - ||u|so

which is clearly finite. This shows that u x p exists and that it is a
polynomial.

Problem 14.7 That the convolution uxw is bounded and continuous follows
from Theorem 14.8.

Monotonicity follows from the monotonicity of the integral: if x < z,
then

u*w(fc)z/u\(g)w(w—y) dy</u(y)-w(z—y)dyzww(y)-

>0 6 w(z—y)

Problem 14.8 (This solution is written for u € C.(R") and w € C*(R")).

Let 0; = 0/0z; denote the partial derivative in direction z; where
r = (z1,...,2,) € R". Since

weC” = JjweC™,

it is enough to show 0;(u*w) = u* d;w and to iterate this equality. In
particular, we find 0%(u * w) = ux 0*w where

oo1tan

o° , aeN

- aalxl e aan$n
Since u has compact support and since the derivative is a local opera-
tion (i.e., we need to know a function only in a neighbourhood of the
point where we differentiate), and since we have for any r > 0

9

Ox;

sup sup | Zw(w — y)| < elr),

yesupp u z€B;-(0)

we can use the differentiability lemma for parameter-dependent inte-
grals, Theorem 11.5 to find for any x € B, /5(0), say,

aixj /u(y)w(m —y)dy = /u(y)ai (z —y)dy
(

~ [t

w
Ly
) (x = y) dy
= ux 0jw(x).
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Problem 14.9 The measurability considerations are just the same as in
Theorem 14.6, so we skip this part.
By assumption,
1 1 1
- +-=1+—;
P q r
We can rewrite this as

P .

r p T q T
—— ——
=1-2€01) =1-2€[0,1)

Now write the integrand appearing in the definition of u x w(z) in the
form

fu(e=y)w)| = Jule—y) )] [[u=y) "] [

and apply the generalized Holder inequality (cf. Problem 12.4) with the
exponents from (*):

> w(z)] < / ju(z — y)w(y)) dy

</ |u($—y)|p|w(y)’qdyr[ [wte = as] | [ i

Raising this inequality to the rth power we get, because of the trans-
lation invariance of Lebesgue measure,

S =

Q=

3 =
S|

o w(e)]” < [ [t~ y>\p|w<y>|wy} T
— < ol () - a7 - ol

Now we integrate this inequality over z and use Theorem 14.6 for p = 1
and the integral

/IUIP* (w|?(z) dz = [[|u]” * [w|*]y < [Jull} - [|lw][F-
Thus,
[[uxwl]; Z/IU*w(fﬂ)lrdw < ullp - llwllg - lully™ - lwllg™ = flall; - llwll

and the claim follows.
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Problem 14.10 (i) Since ¢ is rotationally invariant, it is enough to show

that the function
P(r) = e D1 ()

is of class C'*™°. This is a standard argument and we only sketch it
here. Clearly, the critical points are r = £1. Since ¢(£1) =0 =
e /0 = 7> = 0, the function 1 is continuous. Differentiability is
shown using induction:

27” r2_
U = g L)

and if ) (1) = fk(r)el/(rll)l[,m}(7“), then

2r
1—1r2

P ) = fi)e T () + ful) g e (),
This shows that fi(r) is for all £ € N a rational function whose
growth to +00 as r — +1 is not so strong as the decay of el/(r*=1)
to 0 as r — £1. This proves that ¢ (r) is arbitrarily often differen-
tiable at the points r = 1 (with zero derivative). For all r # +1

the situation is clear.

' is necessarily the integral of the function ¢:

1
k= / exp {2—} dx .
B1(0) |z — 1

That ¢, is a C*°-function is clear, since ¢, is constructed from ¢
by a dilation.

The constant K~

Clearly,

G(1) =0 <= P(z/e) =0 = |z/e| > 1 <= |2]| > €

This means that supp ¢. = B(0).

Using Theorem 14.1 for the dilation 7" = Ty : © +— /e and, cf.
Problem 5.8 or Theorem 7.10, the fact that for Borel sets B €
B(R™)

Tc(A)(B) € X1 H(B))

= A"(T(B))
= \"'(e- B)
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e \(B),

we get
/ bu(z) A" (d) = € / O(T1 () \"(da)
= [ o) Ty a0
e [oa)e N(an
_ / o(x) A" (da).

(iii) We show, more generally, that
supp u * w C supp u + supp w (*)

whenever u x w makes sense. Now
/U(w —yw(y) dy = / u(z — y)w(y) dy
supp w

so that
rT—y &suppu < x € y-+suppu.
Thus,
xr ¢ suppu+suppw — urw(z)=0.
Since supp u + supp w is a closed set, we have shown (*).
(iv) The estimate

[fe % ullp < [lelly - [lullp (**)

follows from Theorem 14.6.

Since ¢ € O = 0% € CF for any a € Nj. This means
that u x 0%¢. is well defined. However, if p # 1, we cannot ap-
peal naively to the differentiability lemma, Theorem 11.5 to swap
integration (i.e. convolution) and differentiation. To do this we
consider the sequence

up(z) = ((—k) Vu(z) A k)1p,0)(2)
and note that, by dominated convergence, LP-limy u; = w while
up € L* N L. In this setting we can apply Theorem 11.5 and get

Hort-+an

O* (e * ug())

/ bl — y)ur(y) dy

aal.T]_ e 804711'”
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aaﬁ-“‘-ﬁ-an
= be(r — y)ur(y) dy

aalxl PN aan$n

= (8a¢6) * Uk<£L‘)

(Note that ¢, and wu; have compact support and are bounded
functions, so domination is no problem at all.) Using the estimate
(**) we find that

10% (de * (ur — ue)) lp = 1(0"be) * (ur — uo)

k0
<O Gelly - [luas = ell, = 0.

Since, similarly,

k—o0

1(0%0c) * (ur — u)llp < [10%Gc||1 - [lug — ull, —= 0,
we conclude that

(aagbe) * U, k;—:o> (8%5) * U

and
o~ ((b6 * uk) ’CZ—:O> o ((;56 * u)
so that

o (czbE *u) = (8“(;56) * U

(v) Since [ ¢e(y)dy =1, we get from Minkowski’s inequality for inte-
grals, Theorem 13.14,

[l — ux el

_ (/ /(u(gc) —u(x —y))de(y) dy

— pdx) v
< / lu(-) = u(- = 9)ll, ée(y) dy

:{</%/‘PWO_UV—MM¢@MW

[y|6h  |y|>h

Since the integrand y — |Ju(-) — u(- — y)||, is continuous, cf. The-
orem 14.8, we can, for a given ¢ > 0, pick h = h(¢) in such a way
that

Ju-) —u(- =yl <6 V][y[<h
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Thus, using this estimate for the first integral term, and the tri-
angle inequality in LP and the translation invariance of Lebesgue
integrals for the second integral expression, we get

lu = uxull, < / 5 be(y) dy + / Wl 6(y) dy

ly|6h ly|>h

5 / bely) dy + 2lull, / b.(y) dy

[y|>h

<s+2uly [ 6.)dy

ly|>h

Since supp ¢. = B(0), we can let € — 0, and then § — 0, and get

limsup ||u — u* ¢, <9 220 0,

€—>

and the claim follows.

Problem 14.11 Note that v(z) = (1 — cos )1jg2m(z) = Lg2m(z)sinz.
Thus,

(1)
2m 2m
u*v(x)—/ 1R(x—y)sinydy—/ sinydy =0 Vu.
0 0
(ii) Since all functions u, v, w, ¢ are continuous, we can use the usual

rules for the (Riemann) integral and get, using integration by parts
and the fundamental theorem of integral calculus,

v*w(w):/% (x —y) /:o(b(t)dtdx
— [ (~gota-n) [ odras
:/qs(x_y)di/y (1) dt dz

If z € (0,47), then x — y € (0, 27) for some suitable y = y— and
even for all y from an interval (yo —€,yo +€) C (0,2). Since ¢ is
positive with support [0, 27|, the positivity follows.
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(iii) Obviously,

—
.
=

(uxv)*w =0xw =

while
wr o)) = [ alz =y uly)dy
= / vxw(y)dy
= / ¢ dy) dy
>0
Note that w is not an (pth power, p < co) integrable function so

that we cannot use Fubini’s theorem to prove associativity of the
convolution.



