9 Integration of positive functions.
Solutions to Problems 9.1-9.12

Problem 9.1 We know that for any two simple functions f, g € €, we have
L(f +9)=1.(f)+ 1.(9) (=additivity), and this is easily extended to
finitely many, say, m different positive simple functions. Observe now
that each §;14; is a positive simple function, hence

I (Z fleJ) =2 (§1a) = D60 (1a) = D& (4y)
j=1 j=1 j=1 j=1
Put in other words: we have used the linearity of I,,.

Problem 9.2 We check Properties 9.8(i)—(iv).

(i) This follows from Properties 9.3 and Lemme 9.5 since [14dp =
1,(14) = p(A).

(ii) This follows again from Properties 9.3 and Corollary 9.7 since for
u, € €4 with u = sup,, u,, (note: the sup’s are increasing limits!)
we have

/ozud,u = /asupun dp = sup 1, (auy,)
= sup al,(u,)

= asup I, (uy)

:a/udu.

(iii) This follows again from Properties 9.3 and Corollary 9.7 since for
Up, Uy € €4 with u = sup,, u,, v = sup, v, (note: the sup’s are
increasing limits!) we have

/(u+v) du—/ lim (w,, + v,) dp = lim 1, (u,, + vy,)

= lim (I, (un) + 1, (vn))
= hm 1,(uy, hm 1,(vy)

:/ud/rl—/vdu
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(iv) This was shown in step 1 of the proof of the Beppo Levi theorem
9.6

Problem 9.3 Consider on the space ([—1,0],\), A(dz) = dx is Lebesgue
measure on [0, 1], the sequence of ‘tent-type’ functions

0, —-1<x
fr(z) = {k3($+%)’ 1<y

0,

I =

" (keN),

NN

(draw a picture!). These are clearly monotonically increasing functions
but, as a sequence, we do not have fi(z) < fry1(z) for every x! Note
also that each function is integrable (with integral %k) but the pointwise
limit is not integrable.

Problem 9.4 Following the hint we set s,, = u; + us + ... + u,,. As a
finite sum of positive measurable functions this is again positive and
measurable. Moreover, s, increases to s = Z;’il uj as m — oo. Using
the additivity of the integral (9.8 (iii)) and the Beppo Levi theorem 9.6
we get

/Zujd,u:/supsmd,u:sup/smdu

:sup/(ul—i—...—l—um)d,u

m

= sup /uj du
m =1

j=1

Conversely, assume that 9.9 is true. We want to deduce from it the
validity of Beppo Levi’s theorem 9.6. So let (w;);en be an increasing
sequence of measurable functions with limit w = sup; w. For ease of
notation we set wy = 0. Then we can write each w; as a partial sum

wj = (wj —wj—1) + - + (w1 — w)

of positive measurable summands of the form uy := w, — wg_1. Thus,

o0
wm:E u  and wzg Uy,
k=1
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and, using the additivity of the integral,
/wdug Z/ukdu = sup/Zukdu = sup/wmd,u.
k=1 m k=1 m

Problem 9.5 Set v(A) := [ 1 udu. Then v is a [0, oo]-valued set-function
defined for A € A.

(M) Since 1g = 0 we have clearly v(0)) = [0-udu = 0.

(Mq) Let A=),y A, a disjoint union of sets A; € A. Then

and we get from Corollary 9.9

:/(21Aj)-udu=/§:(lAj-U)du

1a, - udp

jEN

\

INgER NGNS

v(4;).

1

J

Problem 9.6 This is actually trivial: since our o-algebra is P(N), all subsets
of N are measurable. Now the sub-level sets {u < a} = {k € N :
u(k) < a} are always C N and as such they are € P(N), hence u is
always measurable.

Problem 9.7 We have seen in Problem 4.6 that p is indeed a measure. We
follow the instructions. First, for A € A we get

/1AdM:M(A):Z#j Z/lAd:u]
JEN JEN

By the linearity of the integral, this easily extends to functions of the
form al, + f1p where A, B € A and o, 3 > 0:

/(OélA+ﬁlB)dM:04/1AdM+5/1BdM
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:aZ/lAduj—i-ﬁZ/leuj

jeN jeN
= Z /(OélA + B1p) dy;
jeN

and this extends obviously to simple functions which are finite sums of

the above type.
[ran=3[ran viee.
jeN
Finally, take u € M and take an approximating sequence u,, € €, with
sup,, 4, = u. Then we get by Beppo Levi (indicated by an asterisk )

/ud/,c = sup/undu = supZ/unduj

= sup sup Z / Up, dpt

= sup sup Z /un dj;

= sup limz / Uy, A
m N =1

= sup Z lim/un djp;
m =1 n

= sup Z / lim w,, dp;
— n

=" [udn,
j=1

where we repeatedly used that all sup’s are increasing limits and that
we may swap any two sup’s (this was the hint to the hint to Problem
46.)

Problem 9.8 Set w; := u — u;. Then the w; are a sequence of positive
measurable functions. By Fatou’s lemma we get

/limAinf w; dp < limAinf/wj dp
j j
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= lim inf (/ud,u— /uj d,u)
j
:/ud,u—limsup/ujd,u
J

(see, e.g. the rules for liminf and limsup in Appendix A). Thus,

/udu—lim sup/uj dp > /lim.infwj du
j J

= /lim'inf(u —uj)dp

J

= / (u — lim sup uj) du

J
and the claim follows by subtracting the finite value [wdp on both
sides.

Remark. The uniform domination of u; by an integrable function w is
really important. Have a look at the following situation: (R, B(R), \),
A(dz) = dx denotes Lebesgue measure, and consider the positive mea-
surable functions wu;(z) = 1j95(z). Then limsup;u;(z) = 0 but
limsup; [ u; d\ = limsup; j = co # [0dA.

Problem 9.9 (i) Have a look at Appendix A, Lemma A.2.
(ii) You have two possibilities: the set-theoretic version:

p(liminf A;) = N(U N Aj)

J k >k

= sup u( N Aj)
k i>k
N——
6 u(Aj) Vij=k
hence, 6inf = p(A;)
< i j
< sup inf u(4;)
= lim inf p(A;)
j

which uses at the point * the continuity of measures, Theorem
4.4.

The alternative would be (i) combined with Fatou’s lemma:

p(liminf Aj) = /]-liminfj A; dp
J
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= /lim'inf 14, dp
J

< lim‘inf/ 1y, du

J

(iii) Again, you have two possibilities: the set-theoretic version:

u(limjsup Aj) = u(ﬂ U Aj)

kE =k

# .
= inf ;
>k
—_———
> u(Aj) Vi=>k
hence, > sup =, (A )

> inf sup p(A;)
= lim sup p(A,)
J

which uses at the point # the continuity of measures, Theorem
4.4. This step uses the finiteness of .

The alternative would be (i) combined with the reversed Fatou
lemma of Problem 9.8:

M(hmsupAJ) :/]—limsuijj d,U/

J

:/limsup 14, dp
J

> limsup/lAj du
J

(iv) Take the example in the remark to the solution for Problem 9.8.
We will discuss it here in its set-theoretic form: take (R, B(R), )
with A denoting Lebesgue measure A\(dz) = dx. Put A; = [j,2j] €
B(R). Then

limjsup A= ﬂ U[j, 2j] = ﬂ[k,oo) =0

k >k k

But 0 = A() > limsup; A(A;) = limsup, j = oo is a contradic-
tion. (The problem is that Ak, 00) = oo!)
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Problem 9.10 We use the fact that, because of disjointness,

l=1x =) 14
j=1

so that, because of Corollary 9.9,

/udu:/(ilAJ)~udu:/i(1Aj~u)d,u

Assume now that (X, A, p) is o-finite with an exhausting sequence of
sets (B;); C A such that B; T X and p(B;) < co. Then we make the
Bj’s pairwise disjoint by setting

Al = Bl, Ak = Bk\(BlLJUBk,l):Bk\Bk,l

Now take any sequence (ay), C (0,00) with >, appu(Ar) < co—e.g.
ar, = 27%/(u(Ag) + 1)—and put

w(x) = Z arla,.
j=1

Then w is integrable and, obviously, w(z) > 0 everywhere.

Problem 9.11 (i) We check (M), (Ms). Using the fact that N(z,-) is a
measure, we find

puN(0) = /N(x,(?)) p(dx) = /Ou(da:) =0.

Further, let (A4;);en C A be a sequence of disjoint sets and set
A= Uj Aj. Then

uN () = [V (2, 45) tde) = [ 37 NG A i)

23 [ N Al
= SN ()



(i)

(iii)
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We have for A, B € A and o, 3 > 0,
N(aLa+ f1)(w) = [ (a1a(w) + 91a(0) Nlw,dy

—a / 14(y) N(z, dy) + / 15(y) N(z, dy)
= aN1y(z)+ fN1g(x).

Thus N(f + g)(z) = Nf(x) + Ng(z) for positive simple f,g €
ET(A). Moreover, since by Beppo Levi (marked by an asterisk x)
for an increasing sequence f; T u

sup N f(x) = sup / fely) Nz, dy) = / sup fi(y) N (z. )

- / u(y) N(z, dy)
= Nu(z)

and since the sup is actually an increasing limit, we see for pos-
itive measurable u,v € MT(A) and the corresponding increasing
approximations via positive simple functions f, gg:

N(u+v)(z) = S%P N(fx + gr)(z)
= sup N fi(z) +sup Ngi(x)

= Nu(x) + Nov(x).

Moreover, x +— N14(z) = N(z, A) is a measurable function, thus
N f(x) is a measurable function for all simple f € £7(A) and,
by Beppo Levi (see above) Nu(x), u € M*(A), is for every x
an increasing limit of measurable functions N fy(x). Therefore,
Nu e M*(A).

If u=14, A€ A, we have

[ 1al) V() = N () = [ N, 4) )

By linearity this carries over to f € €7 (A) and, by a Beppo-Levi
argument, to u € MT(A).
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Problem 9.12 Put
v(A) ::/u-lAjdu—l—/(l—u)-lAgdu.

If A is symmetric w.r.t. the origin, AT = —A~ and AT = A. Therefore,

I/(A):/u-lAdu—i—/(l—u)~1Ad,u:/1Adu:u(A).

This means that v extends pu. It also shows that v(()) = 0. Since v
is defined for all sets from B(R) and since v has values in [0, oo, it is
enough to check g-additivity.

For this, let (A4;); C B(R) be a sequence of pairwise disjoint sets. From
the definitions it is clear that the sets (A;)E are again pairwise disjoint

and that (J; (A)E = (UJ Aj): Since each of the set-functions
B>—>/u-13du, Cr—>/(1—u)-lcd,u
is o-additive, it is clear that their sum v will be g-additive, too.

The obvious non-uniqueness of the extension does not contradict the
uniqueness theorem for extensions, since ¥ does not generate B(R)!



10 Integrals of measurable functions and

null sets.
Solutions to Problems 10.1-10.16

Problem 10.1 Let u,v be integrable functions and a,b € R. Assume that
either u, v are real-valued or that au+ bv makes sense (i.e. avoiding the

case ‘00 — 00’). Then we have
Jau +bv| < lau| + [bv] = laf - Ju] + [b] - Jo] < K (Ju] + |v])

with K = max{|al, |b|}. Since the RHS is integrable (because of The-
orem 10.3 and Properties 9.8) we have that au + bv is integrable by

Theorem 10.3. So we get from Theorem 10.4 that

/(au+bv)d,u:/audu—l—/bvdp=a/ud,u+b/vdp

and this is what was claimed.

Problem 10.2 We follow the hint and show first that u(x) := 2712, 0 <
x < 1, is Lebesgue integrable. The idea here is to construct a sequence

of simple functions approximating u from below. Define

o, if z € (0,1)
un(x) = u(]%l), ifxE[%,j%l)a j=1...n—1
n—1
= u =) u(HH1
j=1 n’n

which is clearly a simple function. Also u, < w and lim,, .., u,(z) =

sup,, up () = u(x) for all z.
Since P(A) is just A(AN(0,1)), the integral of w, is given by

n—1
/un 4P = Ip(uy) = 3 u(EE)ALE, 241
j=1
n—1
— J+1 .1

10
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—

n—

< <1

3=

1

<.
Il

and is thus finite, even uniformly in n! So, Beppo Levi’s theorem tells
us that
/uszsup/undPésup1:1<oo

showing integrability.

Now wu is clearly not bounded but integrable.

Problem 10.3 True, we can change an integrable function on a null set,
even by setting it to the value +0o or —oo on the null set. This is just
the assertion of Theorem 10.9 and its Corollaries 10.10, 10.11.

Problem 10.4 We have seen that a single point is a Lebesgue null set:
{z} € B(R) for all z € R and A({z}) = 0, see e.g. Problems 4.11 and
6.4. If N is countable, we know that N = {z; : j € N} = ), {z;}
and by the o-additivity of measures

=2 (Y ) - Tattah - Xa-o

JEN jEN jEN

The Cantor set C' from Problem 7.10 is, as we have seen, uncountable
but has measure A(C') = 0. This means that there are uncountable sets
with measure zero.

In R? and for two-dimensional Lebesgue measure \? the situation is
even easier: every line L in the plane has zero Lebesgue measure and
L contains certainly uncountably many points. That A?(L) = 0 is seen
from the fact that L differs from the ordinate {(z,y) € R* : z = 0}
only by a rigid motion 7" which leaves Lebesgue measure invariant (see
Chapter 5) and \?>({x = 0}) = 0 as seen in Problem 6.4.

Problem 10.5 (i) Since {|u| > ¢} C {|u| > ¢} and, therefore, u({|u| >
c}) < p({lu| = ¢}), this follows immediately from Proposition
10.12. Alternatively, one could also mimic the proof of this Propo-
sition or use part (iii) of the present problem with ¢(t) =t¢, ¢ > 0.
(ii) This will follow from (iii) with ¢(¢) = t*, t > 0, since u({|u] >
ct) < p{lul = ¢}) as {|u| > ¢} C {[ul > c}.

(iii) We have, since ¢ is increasing,

p(flul = c}) = p({o(lul) = ¢(c)})
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- / Lo o(lut)h>(e)} () p(d)
/¢ ; @)h>o(e)} () p(d)
/¢ |U D L g(u(o))>(0)} () p(dz)

ot
</ W“W

1
- =7 [ o@D ptas)

Let us set b = a [ wdp. Then we follow the argument of (iii):

< / %x)l{m u()>o} () p(dir)
</Zdﬂ

and substituting « [ wdp for b shows the inequality.

Using the fact that ¢ is decreasing we get {|u] < ¢} = {¢(|u]) >
1 (¢)}—mind the change of the inequality sign—and going through
the proof of part (iii) again we used there that ¢ increases only in
the first step in a similar role as we used the decrease of v here!
This means that the argument of (iii) is valid after this step and
we get, altogether,

p({lul < c}) = p{¥(|ul) > ¥(c)})
= / Lz : p(u@)h>v(e} (@) p(dx)

u(

- / % Lo g(u(@)>s() (@) p(dz)
S / % Lo p(u@))> (o) () pldz)
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U(lu()])
< [ =Y
</ oo M)
1
-5 [ wtut) ntas)

(vi) This follows immediately from (ii) by taking u = P, ¢ = avV X,
u=X —FX and p=2. Then

1
P(|X —EX|>aEX)< —— | | X —EX|*dP
(X = BX| > aX) < ey [ 1 - X
1 1
_a2VXVX T2

Problem 10.6 We mimic the proof of Corollary 10.13. Set N = {|u| =
oo} = {|u[f = oo}. Then N = (), \{|uf? = k} and using Markov’s
inequality (MI) and the ‘continuity’ of measures, Theorem 4.4, we find

H(N) = p (ﬂw > k})  tim p({fup > k)

keEN
Cvim L [ ran = o
< lim o [ JufPdp = 0.

—_—

<o

For arctan this is not any longer true for several reasons:

e ... arctan is odd and changes sign, so there could be cancelations
under the integral.

e ... even if we had no cancelations we have the problem that the

points where u(x) = oo are now transformed to points where
arctan(u(r)) = 7 and we do not know how the measure y acts
under this transformation. A simple example: Take u to be a
measure of total finite mass (that is: p(X) < 00), e.g. a probability

measure, and take the function u(z) which is constantly u = 4o0.

Then arctan(u(z)) = 5 throughout, and we get

(e

/ arctan u(z) p(dz) — / Tdu=" / dn =5 1(X) < oo,

but v is nowhere finite!
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Problem 10.7 ‘=": since the A; are disjoint we get the identities

(e ¢] o0
s  _ 1S . _ .
1jAj—E 14, and so ule].—g u-1a;,
k=1 k=1

hence [ula,| = |u|la, < [u[1® 4; = [ul® 4| showing the integrability
of each uly, by Theorem 10.3. By a Beppo Levi argument (Theorem
9.6) or, directly, by Corollary 9.9 we get

S [ =Y [ felta, =[5 lulvs,
j=1 74 j=1 j=1
:/|u|1SjAj dp < o0.

The converse direction ‘<=’ follows again from Corollary 9.9, now just
the other way round:

/\u!lSjAj dﬂ:/ZmuAj d,u:Z/\u]lAj d
j=1 7=1
:Z/ luldp < oo
j=1 A

showing that ulsj 4; 1s integrable.

Problem 10.8 One possibility to solve the problem is to follow the hint.
We go here a different (shorter) direction.

(i) Observe that u; —v > 0 is a sequence of positive and integrable
functions. Applying Fatou’s lemma (in the usual form) yields
(observing the rules for lim inf, lim sup from Appendix A, compare
also Problem 9.8):

/lim.inf wj dp — /Udu = /lim,inf(uj —v)dp
j j
< liminf/(uj —v)du

J

= lim'inf/uj dp — /vdu
J

and the claim follows upon subtraction of the finite (/) number

[vdp.
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(ii) Very similar to (i) by applying Fatou’s lemma to the positive,
integrable functions w — u; > 0:

/wdu— /limsupuj dp = /lim'inf(w —u;) dp
j i

< lim‘inf/(w —uj)dp

J

:/wd,u—limsup/ujd,u
J

Now subtract the finite number [ w du on both sides.

(iii) We had the counterexample, in principle, already in Problem 9.8.
Nevertheless...
Consider Lebesgue measure on R. Put f;(z) = —1;_5;_j;(«) and
gi(x) = 1} 2j(z). Then liminf f;(x) = 0 and limsup g;(x) = 0 for
every x and neither admits an integrable minorant resp. majorant.

Problem 10.9 Note the misprint in the statement: the RHS should
read 327, P(|u| > j)

We can safely assume that u > 0 (since integrability of u is equivalent
to the integrability of |u|). Then

u(@) =Y u(@)geucjy(®) 2 Y ilgeuciny (@)
j=0 Jj=0

WE

7 (1geuw (7)) — 1ieu (2)).

.
Il
=)

Since for fixed z, u(z) < oo, we have N1y 1164} (2) N7 0. There-

fore, we can use Abel’s summation trick and get

Zj(l{j(:‘)u}(‘r> — 11160 (2))

=0 (Lioeu(z) — Lpeuw (2)) + 1 (Lpew (z) — Liew(z))
4+ N (Livew () — Linti6a (7))
= lpeu(7) + 1peuw () + - 4+ Livewy () — Nlyii6u(2)

and this proves

> ilgeuciin () = Y Ljeu(@).
j=1

J=0
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Therefore,

U = Zu 1{]6u<]+1} Z ] + 1 1{j6u<_7+1}

7=0

Z 2] 1{]6u<]+1}

=2 Z INT IR () < 2u.
j=1

The claim follows from this, the fact that [ const.dP = const. and
Corollary 9.9:

Z P({u > j}) = Z / lyy>jy dP = /Z 15y dP.
Jj=0 j=0

=0

Problem 10.10 For u = 15 and v = 1 we have, because of independence,

/uvdP — P(AN B) = P(A)P(B) = /udP/vdP.

For positive, simple functions u = ) jlp and v = >« Brle, we find
/uv dP = Zajﬁk/ugf,k dpr
= Zozjﬁkp (A; N By)
= Z a;Bx P(A;)P(B)
= (Z%‘P(Aj)> (ZﬁkP(Bk)>
J k

:/udP/vdP.

For measurable v € M*(B) and v € M*(C) we use approximating
simple functions ux € E7(B), ug T u, and vy € ET(C), vy, T v. Then, by
Beppo Levi,

/uvdP:li]{;n/ukvdezliin/udelim/vde
J
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:/udP/vdP.

Integrable independent functions: If u € L!(B) and v € L1(C),
the above calculation when applied to |ul, |v| shows that u - v is inte-

grable since
/|uv|dP</|u\dP/\v[dP<oo.

Considering positive and negative parts finally also gives

/uvdP:/udP/vdP.

Counterexample: Just take u = v which are integrable but not
square integrable, e.g. u(r) = v(z) = 72, Then f( v 2 dy < oo
but f(

0,1)

01) x~1 dz = oo, compare also Problem 10.2.

Problem 10.11 (i) Assume that f* is A*-measurable. The problem at
hand is to construct A-measurable upper and lower functions g
and f. For positive simple functions this is clear: if f*(z) =
S0 ¢ilp:(x) with ¢; > 0 and B; € A*, then we can use Prob-
lem 4.13(v) to find B;,C; € A with p(C; \ Bj) =0

B; C Bj C C; = 61, < ¢;15; < ¢,

and summing over 5 = 0,1,..., N shows that f < f* < g where
f, g are the appropriate lower and upper sums which are clearly
A measurable and satisfy

p{f #9}) <m(Co\ BoU---UCyN\ By)
< u(Co\ Bo) + -+ pu(Cy \ By)
0

440 = 0.

Moreover, since by Problem 4.13 ;(B;) = u(Cj) = ji( B} ), we have
D diu(By) = ¢a(By) =D diu(Cy)
J J J

which is the same as

[tan= [ ran= [ gan
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(ii), (iii) Assume that u* is A*-measurable; without loss of generality

(otherwise consider positive and negative parts) we can assume
that u* > 0. Because of Theorem 8.8 we know that f; T u* for
fr € ET(A*). Now choose the corresponding A-measurable lower
and upper functions fi, g constructed in part (i). By consider-
ing, if necessary, max{fi,..., fr} we can assume that the fj are
increasing.

Set u := supy, fr and v := liminfy g5. Then u,v € M(A), u <
u* < v, and by Fatou’s lemma

/vdy = /limkinf grdp < limkinf/gk, du

= limkinf / frdpn
—/u* dp
< /vdu.

Since f. T u we get by Beppo Levi and Fatou

/ud,u = sup / fedp = limkinf/fk du
k
= limkinf / i di

> / limkinf i di

:/vd,u
2/udu

This proves that [udy = [vdp = [u*du. This answers part
(iii) by considering positive and negative parts.

It remains to show that {u # v} is a p-null set. (This does
not follow from the above integral equality, cf. Problem 10.16!)
Clearly, {u # v} = {u < v}, i.e.if x € {u < v} is fixed, we deduce
that, for sufficiently large values of k,

fr(x) < gr(x), k large

since u = sup fr and v = liminfy g;. Thus,

{u#v}C U{fk # gr}
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but the RHS is a countable union of u-null sets, hence a null set
itself.

Conversely, assume first that © < u* < v for two A-measurable
functions u, v with u = v a.e. We have to show that {u* > a} €
A*. Using that u < u* < v we find that

*

{u>a} c{u" >a} C{v>a}

but {v > a},{u>a} € Aand {u>a}\{v>a} C{u#v}isa
p-null set. Because of Problem 4.13 we conclude that {u* > a} €
A,

Problem 10.12 Note the misprint in the statement: for the esti-
mate (1, (E)+ p.(F) < p(E' U F) the sets E, I’ should be disjoint!

Throughout the solution the letters A, B are reserved for sets from A.

(i) a) Let AC E C B. Then u(A) < pu(B) and going to the sup g
and inf g g proves p.(E) < p*(E).
b) By the definition of u, and p* we find some A C E such that

u(E) — n(A)] < e

Since A¢ D E° we can enlarge A, if needed, and achieve
W (E°) = p(A%)| < e

Thus,

|1(X) — pa(E) — i (E°)]
11 (E) — p(A)] + [ (E°) — p(A9)]

<
< 2,

and the claim follows as € — 0.

c) Let A D F and B D F be arbitrary majorizing A-sets. Then
AUB D EUF and

W(EUF) < p(AUB) < u(A) + u(B).

Now we pass on the right-hand side, separately, to the inf ;5 g
and inf g5, and obtain

pH(EUF) < p(E) + p*(F).
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d) Let A C E and B C F be arbitrary minorizing A-sets. Then
AYB C EUF and

p(EWF) 2 p(AWB) = u(A) + pu(B).

Now we pass on the right-hand side, separately, to the sup 4~
and sup - p, where we stipulate that AN B = (), and obtain

p(BEYUE) 2 pa(E) + pa(F).

(ii) By the definition of the infimum/supremum we find sets A, C
E C A" such that

12 (A) — (A + |7 (A) — p(A")] < 1

n

Without loss of generality we can assume that the A,, increase and
that the A" decrease. Now A, :=J, A,, A* :=[), A" are A-sets
with A, C A C A*. Now, u(A") | u(A*) as well as u(A™) — p*(E)
which proves u(A*) = p*(E). Analogously, u(A4,) T u(A.) as well
as (Ay,) — ps(F) which proves u(A.) = . (E).

(iii) In view of Problem 4.13 and (i), (ii), it is clear that

{ECX i p(B)=p(E)} =
{ECcX :3ABeA, ACECB, u(B\ A) =0}

but the latter is the completed o-algebra A*. That p*
[

A*

A~ = H 18 now trivial since i, and p* coincide on A*.

Problem 10.13 Let A € A and assume that there are non-measurable sets,
ie. P(X) 2 A. Take some N ¢ A which is a p-null set. Assume also
that NN A=0. Then u =14 and w := 14 + 2 1y are a.e. identical,
but w is not measurable.

This means that w is only measurable if, e.g. all (subsets of) null sets
are measurable, that is if (X, A, ) is complete.

Problem 10.14 The function 1q is nowhere continuous but u = 0 Lebesgue
almost everywhere. That is

{z : 1o(z) is discontinuous} =R

while
{z : 19 #0} =Q is a Lebesgue null set,
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that is 1g coincides a.e. with a continuous function but is itself at no
point continuous!

The same analysis for 1 ) yields that
{z : 1) () is discontinuous} = {0}

which is a Lebesgue null set, but 1y cannot coincide a.e. with a
continuous function! This, namely, would be of the form w = 0 on
(—00,—0) and w = 1 on (¢, 00) while it ‘interpolates’ somehow between
0 and 1 if —§ < x < e. But this entails that

{z  w(z) # 1p ) ()}
cannot be a Lebesgue null set!

Problem 10.15 Let (A;)jen C A be an exhausting sequence A; T X such
that u(A;) < oo. Set

= 1
flx) = Z (A 1) Ly, ().

Jj=1

Then f is measurable, f(x) > 0 everywhere, and using Beppo Levi’s
theorem
/ fdu / <§: ! 1 )du
2 (A, + 1)

Jj=1
oo

Thus, set P(A) := [, f du. We know from Problem 9.5 that P is indeed

a Imeasure.

If N € N, then, by Theorem 10.9,

P(N) = /NfdM EC)
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so that N, C Np.
Conversely, if M € Mp, we see that

/Mfduzo

but since f > 0 everywhere, it follows from Theorem 10.9 that 1,,- f =
0 p-a.e., ie. p(M) = 0. Thus, Np C N,.

Remark. We will see later (cf. Chapter 19, Radon-Nikodym theorem)
that N, = Np if and only if P = f - u (i.e., if P has a density w.r.t. p)
such that f > 0.

Problem 10.16 Well, the hint given in the text should be good enough.



