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Exercise 1 (Exercise 4.2)
From eq (4.11) we have that LDA for K = 2 corresponds to calculating the linear combi-
nation xT Σ̂−1(µ̂2− µ̂1). We will in this exercise show that the least squares criterion leads
to the same linear combination.

(a) We have that with inserted estimates

δk(x) = log π̂k − 0.5(x− µ̂k)T Σ̂−1(x− µ̂k)

= log π̂k − 0.5xT Σ̂−1x+ xT Σ̂−1µ̂k − 0.5µ̂T
k Σ̂−1µ̂k

=Const + log π̂k + µ̂T
k Σ̂−1x− 0.5µ̂T

k Σ̂−1µ̂k

giving

δ2(x) >δ1(x)

being equivalent to

xT Σ̂−1(µ̂2 − µ̂1) >0.5µ̂T
2 Σ̂−1µ̂2 − 0.5µ̂T

1 Σ̂−1µ̂1 + log
N1

N
− log

N2

N

where we have inserted π̂k = Nk/N .

(b) We have that the least squares estimates are given by

N∑
i=1

(yi − β0 − βTxi] =0

N∑
i=1

(yi − β0 − βTxi]x
T
i =0

or, by inserting β̂0 = ȳ − β̂T x̄,

[
N∑
i=1

(xi − x̄)(xi − x̄)T ]β̂ =
N∑
i=1

(yi − ȳ)(xi − x̄)
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or

[
N∑
i=1

xix
T
i −Nx̄x̄T ]β̂ =

N∑
i=1

(yi − ȳ)(xi − x̄)

Defining

yi =

{
−N/N1 if class is equal to 1
N/N2 if class is equal to 1

,

and assuming the first Ni’s correspond to class i, we get that ȳ = 0 and

N∑
i=1

(yi − ȳ)(xi − x̄)T =− N

N1

N1∑
i=1

(xi − x̄)T +
N

N2

N∑
i=N1+1

(xi − x̄)T

=N [
1

N2

N∑
i=N1+1

xi −
1

N1

N1∑
i=1

xi]

=N [µ̂2 − µ̂1]

Further, using that

x̄ =
N1

N
µ̂1 +

N2

N
µ̂2,

x̄x̄T =[
N1

N
µ̂1 +

N2

N
µ̂2][

N1

N
µ̂1 +

N2

N
µ̂2]

T

=
1

N2
[N2

1 µ̂1µ̂
T
1 +N2

2 µ̂2µ̂
T
2 +N1N2µ̂1µ̂

T
2 +N1N2µ̂2µ̂

T
1 ]

Σ̂ =
1

N − 2
[(N1 − 1)Σ̂1 + (N2 − 1)Σ̂2]

=
1

N − 2
[

N1∑
i=1

(xi − µ̂1)(xi − µ̂1)
T +

N∑
i=N1+1

(xi − µ̂2)(xi − µ̂2)
T ]

=
1

N − 2
[

N∑
i=1

xix
T
i −

N1∑
i=1

xiµ̂
T
1 −

N1∑
i=1

µ̂1x
T
i +

N1µ̂1µ̂
T
1 −

N∑
i=N1+1

xiµ̂
T
2 −

N∑
i=N1+1

µ̂2x
T
i +N2µ̂2µ̂

T
2 ]

=
1

N − 2
[

N∑
i=1

xix
T
i −N1µ̂1µ̂

T
1 −N2µ̂2µ̂

T
2 ]
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we have

[(N − 2)Σ̂ +
N1N2

N
Σ̂B]

=
N∑
i=1

xix
T
i −N1µ̂1µ̂

T
1 −N2µ̂2µ̂

T
2 +

N1N2

N
µ̂2µ̂

T
2 +

N1N2

N
µ̂1µ̂

T
1−

N1N2

N
µ̂1µ̂

T
2 −

N1N2

N
µ̂2µ̂

T
1

=
N∑
i=1

xix
T
i −

1

N
[N2

1 µ̂1µ̂
T
1 +N2

2 µ̂2µ̂
T
2 +

N1N2

N
µ̂1µ̂

T
2 +

N1N2

N
µ̂2µ̂

T
1 ]

=
N∑
i=1

xix
T
i −Nx̄x̄T

we obtain the result.

(c) We have that

Σ̂Bβ =(µ̂2 − µ̂1)(µ̂2 − µ̂1)
Tβ

=k(µ̂2 − µ̂1)

where k = (µ̂2 − µ̂1)
Tβ is a scalar. Thereby

[(N − 2)Σ̂ +
N1N2

N
Σ̂B]β̂

=[(N − 2)Σ̂β + k
N1N2

N
(µ̂2 − µ1)

showing that

Σ̂β̂ ∝ (µ̂2 − µ1)

and

β̂ ∝ Σ̂−1(µ̂2 − µ1)

(d) Assume now that yi = a+ bỹi where

ỹi =

{
−N/N1 if class is equal to 1
N/N2 if class is equal to 1

,

Define further x̃i such that xi = bx̃i. Then∑
i

(yi − β0 − βTxi)
2 =

∑
i

(a+ bỹi − β0 − βT bx̃i)
2 = b2

∑
i

(ỹi − (β0 − a)− βT x̃i)
2

Then the only change in the least squares solutions will be a shift in β0 and a scaling
of β which means that the direction will remain unchanged.
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(e) We have that

β̂0 = ȳ − β̂T x̄

giving that

f̂ =ȳ − β̂T x̄+ β̂Tx

=ȳ + β̂T (x− x̄)

=k(µ̂2 − µ̂1)
T Σ̂−1(x− x̄)

=k[(µ̂2 − µ̂1)
T Σ̂−1x− (µ̂2 − µ̂1)

T Σ̂−1(
N1

N
µ̂1 +

N2

N
µ̂2)]

=k[(µ̂2 − µ̂1)
T Σ̂−1x− [

N1

N
− N2

N
]µ̂2Σ̂

−1µ̂1 −
N2

N
µ̂2Σ̂

−1µ̂2 +
N1

N
µ̂1Σ̂

−1µ̂1]

and f̂ > 0 is equivalent to

(µ̂2 − µ̂1)
T Σ̂−1x >

N2

N
µ̂2Σ̂

−1µ̂2 −
N1

N
µ̂1Σ̂

−1µ̂1 +
N1

N
− N2

N
]µ̂2Σ̂

−1µ̂1

If N1 = N2, then this reduces to

(µ̂2 − µ̂1)
T Σ̂−1x >

1

2
µ̂2Σ̂

−1µ̂2 −
1

2
µ̂1Σ̂

−1µ̂1

which is the same as LDA!
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