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Measures of Growth

and Reproduction
Ansley J. Coale

The numerical increase of a population during any period
equals the number of births minus the number of deaths plus
the number of net immigrants. Dividing these numbers by
the number of person-years lived during the period gives the
rate of increase, the birth rate, the death rate, and the rate of
net migration. The difference between the birth and death
rates is called the rate of natural increase. The birth rate, the
death rate, and the rate of natural increase are determined by
the age composition of a population as well as by the fertility
and mortality rates to which it is subject. Specifically, the
birth rate is the sum (or the integral) of the product of the
proportion of the popuiation at each age consisting of fe-
males at that age and the specific rate of childbearing. Simi-
larly the death rate is the sum of the product of proportions
by age and age specific mortality rates. Thus the birth rate in
one of two populations with the same schedule of fertility
rates can be much higher than in the other when the first
population has a higher proportion of women in the ages of
high fertility. Similarly, the death rate is strongly affected
by the proportion of persons at the ages of highest mortality,
particularly at the older ages. In many years the death rate of
Mexico has been lower than the U.S. rate, although the
mortality rate at every age was higher than in the U.s,,
because the Mexican population had much higher propor-
tions at ages of low mortality. Because of this strong influ-
ence on rates of age composition (as opposed to the risks of
death and childbearing), population birth rates, death rates
and rates of natural increase are referred to as “crude” rates.
Various measures of fertility and mertality have been intro-
duced that are independent of age structure. The commonest
of these are the total fertility rate and the expectation of life
at birth and its reciprocal, the stationary death rate. These
measures are derived entirely from age schedules of fertility
and mortality, and are independent of the age composition of
the population experiencing the rates. The total fertility rate
(TFR) is the sum of the single-year fertility rates in a speci-
fied period, and is equal to the average total number of
children borne by a hypothetical group of women subject
through their lives to these rates. The expectation of life at
birth is the mean age at death in a hypothetical group, subject
between birth and the highest age attained, to the death rates
at each age of the period in question. Its reciprocal is the
death rate in a “stationary” population, whose age distribu-
tion is whoily determined by the mortality schedule.
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There are also conventional measures of the rate of repro-
duction of a female (or a male) population. The logic of thesa
measures is that they indicate the ratio of the number o
daughters to the number of mothers (or of one generation 3
the next earlier) implied by the fertility (or the fertility acd
mortality) of a given period. The Gross Reproduction Ra:e
(GRR) is a measure of the numbers of daughters per womzr
that would be borne according to specified rates of bearing
daughters to a group of women not subject to mortality,
(“Gross” indicates that their is no allowance for the effect of
mortality.) The Net Reproduction Rate (NRR) is a measurs
of the number of daughters per woman that would be borga
according to specified rates of mortality and of bearing
daughters to a group of women subject through life to thesa
rates. The GRR is a measure of the hypothetical ratio of
successive generations with specified fertility and no mortal-
ity; the NRR is the ratio with specified fertility and moral-
ity. Since there is little evidence of consequential differ-
ences according to maternal age in the proportion of births
that are female, the GRR equais the TFR muitiplied by tha
fraction (female births)/(total births).

The NRR is useful in developing the concept of the stable
population, discussed in detail in the later parts of this chap-
ter. The stable population, 2 population with a fixed age
distribution and a constant birth rate, death rate, and rate of
increase, is the population that emerges from the long con-
tinuation of any specified combination of a fertility schedule
and a mortality schedule. The characteristics of the stable
population are fully determined from these two schedules.
The NRR is a characteristic of the stable population; as the
ratio of daughters to mothers according to prevailing fentiliry
and mortality, it is the ratio of one generation of women 1o
the next preceding: it is the multiplier of the size of the
stable population in one generation. The stable population
with an annual rate of increase of r is multiplied by e™ in N
years, hence it is multiplied by '™ in T years, where T is the
mean length of the female generation. The calculation of
GRR, NRR, the stable rate of increase, and the mean length
of generation are illustrated in the following example, using
data for Peru in 1961 (taken from Shryock and Siegel, 1973).
(Table 1).

Table 1
Dctermination of GRR, NRR, Intrinsic Rate of Increase,
and Mean Length of Gencration

(1 2) 3) e (3)
of Rate of
Age Bearing L I m.

Woman Female Net Fertility

Children r=01993 =.020138
15-19 0.0389 3.8870 0.1512 0.1067 0.1063
20-24 0.1134 3.7980 0.4307 02751 0.2738
25-29 0.1200 3.6880 04425 0.2558 0.2543
30-34 0.0986 35730 0.3522 0.1843 0.1831
35-39 0.0748 34540 (0.2585 0.1224 0.1215
40-44 0.0338  3.3260 0.1123 0.0481 0.0447
45-49 0.0109 3.1800 0.0348 0.0135 0.0134
Sum  (x5) 2.4520 --- 1.782 1.0059 1.0000

(GRR) (NRR)




CHAPTER 19, MobDELs of PopuLaTiON CHANGE

The rate of increase of the Stable population js the value of
r that satisfies the €quation f ;" e”p(a)m(a)da=| » Where p(a) is

calculated from equations in 3 later section of this chapter,
entitled “stabie population theory »

Editor’s Note:

Relations in Poputations with Fixed and

Variable Rates of Fertility, Mortality, and Migration
An early, complete and integrated

populations,

. Because it uges its own
ut unique terminology, it is ot practical to include excerpts,
Fhe following reading has been used in its place,

2]

Stable Population Theory
Ansley J. Cogle

“Stable Poputation,” 3. New Palgrave: 4 Dictionary of Eco.
nomics, vol, 4. London: MacMillan Press, | 987, Pp. 466-69,

such a population Stable, using the teqm
in a technieai sense borrowed from physics; if the Population i5
perturbed by 5 momentary change in fertility or monality,
‘stability” implies that it returng afier 4 while to its cquilibrium

(1957) made ipe
Populations forget their past.
schedules €onstantly
population constantly

ergodicity’. Any
not stable, hag forgotten the Temole
in addition to forgetting the past,

function of age and time (Lopez, 1967) provides a convenient
background for the equations that characterize stabile
Population.
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In any closed population, the sumber of Persons at age g at
time ¢ is

Nia,r)=8( - a)pla, 1}, 1)

when B(1) is the number of births ‘at time «, and p(a, 1) is the

propartion surviving from birth 1o age g of those born at time

—a. The number of births, in turn is determined as follows:

/!
8()= f Nia.)m(a, 1) da, (2)

where m(a, ) is the proportion of women at age a at tUme ¢
bearing a female child, and « and B are the lower and upper
limits of the age-span in which childbearing occurs.

Lopez proved that BEe structure is independent of the remote
past by showing that the birth sequences in 1wo populalions
subject 10 the same suecession of mortality and fertility
schedules approach a constant fatioc on¢ to the other, no
matter how different the two populations may be at some
initial moment. In other terms, the ratio B(1)/B,(1)
approaches a constant X as populations | and 2 remain
subjcct to the same changing sequences of fertility and
mortality schedules.

Let y(r) = B{(6)/B,(1). 1t follows from equations (1) and (2)
that

L4
B,{¢) =f Bt ~a)p{a, 1ym(a, 1) da, )

and that 8,(r) conforms to the same equation with a change
only in subscript. But Bt —ay=y(r —a)8y(r ~ a}; hence

/]
By(n)= j r(t —a)By{t —a)p(a, 1)m(a, 1) da. @
Sinee 8,(1)/8,(1) is ¥ (/).
2
Y =f Yt —a){By(t —a)p(a, t)m(a, B () da.  (5)

The expression in brackets in equalion (S) is the proportionate
distribution by age of mother, 8,(1), of the births ai time 1
in the second population. Thus the expression in brackets is a
frequency distribution, f{a, 1), summing to 1.0 when added over
ages x 1o B. Hence equation (5) can be rewritten as

’
r(l)=J- Y{t —a)f{a, i) da. (6)

The ratio of B(r) 10 By(1) is the weighted average of the
sequence of ratios of B8,(1) to 8(t} « and # years in the past.
Continued application of such averaging over many Benerations
ultimately brings the ratio 8,(1)/B,(1) 10 a constant. When the
ratio has been constant for w years (w the highest age atlained)
and moriality in the two Ppopulations is the same, the ratio
Ny(a. 1)/ Ny(a. 1) is also the same a1 all ages; the popuiations
differ in size, but have the same proportionate age composition.
If two populations with arbitrarily different initial conditions
come to have the same age distrbution when subject (o (he
same sequence of fertility and mortafity schedules. they may be
said 1o have forgolten the past. The full proof (not repeated
here) of weak ergodicity includes a formal demonstration of the
intuttively appealing proposition that repealed averaging by a
continuous weighting function with positive values over a
finite range leads to a constant vaiue of the ratio. The essential
feature, then, of human fertility that leads 10 weak ergodicity
is the prevalence in all large populations of positive lertility
rates in an extended span of ages. If, on the contrary, fertility
were concentrated at a single age, there would be no averaging,
no convergence of 8,(1)/8,(t) to a constant, and no ‘forgetting'
of the remote past.

Strong ergodicity is an immediate corollary of weak er.
godicity. If a population experiences unchanging fertility and
mortaiity schedules for a long time, this year’s history is the
same as last year's. Two populations with the same history of
feniility and mortality have the same age distribution. It follgws
that unchanging fertility and mortality produce an unchanging
age distribution — the age distribution of a stable population,

Let c(a)da be the Proportion of the stabie population jn the
age interval a 10 a + da; then cla) = N(a)/[* ¥(a)da, where
is the highest age atiained. In any female population, the
birth-rate js » = fgclayn(a)ds, and the death-rate s
d = [¥e(adua)da, where #(a) is the death-rate at #ge a. Since
the age distribution in g population with fixed fertility and
mortality schedules js unchanging, it follows that the birth-rate
and death-rate do nog change. Hence the rate of increase -
{which equals b — g) is fixed.

An cxact expression for the unchanging age distribution of
a stable population s implied by the mortality and fertility
schedules to which it js subject. The formula for the age
distribution of 4 stable age distribution is derived as follows.
The proportion at age a,c(a), is defined as N(a, )N,
where Np(t) is the total population at lime (. But
Nla, ty=B( —a)pfa, ), and Bt ~a)=b Ny — a). More-
over, Nr(t —a)=N,()e ™ hence c(a) = AN, (1}e " p(a)/
Ne(D), or

cl@)=be " p(a). ™
Since [3 c(a)da = 1.0, i follows that
b= I/J‘“c‘"p(a) da. )

There remains the determination of r. In any female population
the birth rate is determined by the age distribution and the age
schedule of bearing female children; thatis, 5 = [c(a)m (a) da.
Thus & = § j'fe""p(a)m(u)du. from which it follows that

7]
J’ e "“pla)m(a)da = |.0. (&)

Equation (9) provides the means for calculating the rate of
increase r in the stable population by successive approximauon,
given the maternity schedule, m(a), and the mortality schedule,
#(a). {The proportion surviving, p(a} equals fie~=dx] The
numerical value of the integral in cquation (9) is a mono-
tonically decreasing function of r; the integrai for any specified
value of r can be determined by standard numerical methods;

the integral to equaf 1.0, When r is known, 4 can be calculated
from cquation (8), c(a) from cquation (7).

The description to (his point of stable population theory is
expressed in terms of fertility and mortality schedules and age
distributions that are continuous functions of age. The theory
has alternatively been formulated with disteibutions and
schedules expressed ag discrete  variables. A population
distribuled in discrete age intervals at a given moment can be
considered a vector that is transformed into the cnsuing
population vector through multiplication by a transition
matrix, the Leslie matrix (Leslic, 1945). The terms ‘weak® and
‘strong’ ergodicity were firs applied to finite Markov chaing
(Hajnal, 1958); weak crgodicity as a property of populations
was first proved hy employing matrix algebra and discrete age
distributions (Lopez, 1961).

USE OF STABLE PUPULATED CONCEPTS AnD RELATIONS BEFURE
LOTKA. Mathemalicians, actuaries and demographers made use
of the characteristics of a stable population long before
Lotka's discavery of what Hajnal called strong crgodicity,



CHAPTER 19. MODELS oF PopuraTion CHANGE

A century and 3 half' earlier Leonard Euler (1760) worked
out many of the relations thay characterize stable populations,
He postulated 3 Population subject 1o two hypotheses; the

variables, with One-yeat intervais, rather than 25 continuous
variables. Transtated i continuous Motation, one of his
cquations js N = Bfve “p(a), where N is the total population,
and B the number ‘of births jn 2 given year. This equation is
equivaient (o ¢qualtion (8) above, Euler notes that if the life
table is known, the growth rate can be calcuiated from (he
birth-rate, or the birth-rate from the growih rate, He also shows
that ¥(a) = B ¢~ P(e) lequivalent 10 cquation (7)], and derives

two hypotheses,
Euler's work scems 1o have been litege noted in subsequent
Years except by actuaries, onc of whom, Joshua Milne (1815},
cited Euler and developed himself 5 1ull set of equations for a
constanily growing Popuiation with a fixed life rable. Like
Euler, Miine used integral valyes of age and lime, and
expressed growth gver o years at the rate r 35 (L+r)*, but
expluined in a footnore that a "logarithmic expression” would
be more precise, Milne is of special interest 1o demographers
becavse he made calculations o help Malthus in Malthus's
preparation of an essay entitled Population, published in 1824
in the Supplement 1o the Fourth Edjtion of the Encyclopavdia
Britannica. In (|his c3say  Malthus  (wich Miine's help)
constructed a stable Population from 2 life table borrowed
from Sweden ang Finland and 4 fate of increasc that Causes

ANALYTICAL USES OF STABLE POPULATIONS. In & single-volume
summary of his contributions 1o (he mathematics of
Population, Lotka (1939) devoted many pages to the analysis

work by Euler and Milne, ke designated Populations that are
subject 1o an unchanging life table and grow at a constant ritle
Malthusian Populations; not, evidently, because he knew of the
use of the mathematics off such populations in Malthus's Jast
€ssay on population, byt rather because of Malthus's
well-known  belief thit populations lend to grow a1 g
BLOMCIric rate unless checked,

The incorporation of a schedule of rates of childbearing in
addition to a mortality schedule intg the mathematical analysis
of population has been quite useful, not mMerely because it
permits the proof of stability (strong ergodicity), A
{fundamentat and anmalyticaily useful leature of stable popula-
tion theory is that the combination of any schedule of fertility
with any schedule of moriality connotes 3 Population with 2
specific age slructure, birth rate, death rate, and ratc of natyra)
increase. The implied populalion may never exist but i
nevertheless is impiied in fyl? calculable detait,

The stable population generated by a combination of this
high fertility and this Jow mortality would have a rate of
increase of 49.5 per thousand, If alj women survived 1o age

death rate 0.3 per thousand. Higher fertility than in the above
example has been observed among married women in some
Populations, Ir martiage were pniversaf by age 15, if (he
widowed remarried immediately, and ir married women

experienced (hege very high marital fertility rates, the Mean

increase of g4.8 per thousand, Again, a mortality schedule
With o deaths below age 100 would generate a stap)e
pPopulation with » slightly higher rate of increase (65.0 per
thousand),

Ancther application of the stable Popuiation inherent in a
combinutjon of 3 fertility schedule and u mortality schedule js

tather than by iis past.

Table 1 illustrates this use of stabje analysis,
In 1941 the observed birth-rate was higher, and the observed
death-rate lower, thap actual rates, because history had

ultimalely implied by the low feetility of 1941, In 1963 the
CORtrasts between aciua) and stable population are |pe

SCME PRACTICAL UsEs oF STABLE POPULATION MATHEMATICS, The
constant fertility and constant mortality thal would establish a
stable population are certainly not unjversa) features of the

19.5
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TABLE 1. Vital Rates and Age Distribu

Compared, England

tion of Actual and Stable Female Popuiations
und Wales, 1941 and 1963

Rates per thousand persons

Percent in age interval

Natural
. Birth Death increase 0-14 65+ Mecan age
Year 0 S O s 0 s 0 s o s o] s
1941 3.1 103 118 205 1.3 —-102 196 155 103 199 359 424
1963 172 200 116 92 36 108 214 271 4.1 1ro 377 132

‘0" means Observed population; 'S' the Stable,
Source: Keyfitz, N. and Flieger, W. (1968).

history of actual populations. By the middle of the 20th
eentury, the mortality of mosi populations had fallen; in the
more industrialized countrics, at least, fertility was much
reduced from earlier Jevels, Nevertheless, the equations
relating fertility, mortality, growth, and age compos:!ion in
stable populitions have proven highly useful in estimating the
true characteristics of some populations for which accurate
and compiete data are lacking,

The usefulness of stable population theory in making good
estimales from faulty data originates in a phenomen_on called
‘quasi-stability’. A quasi-stable population is one in which
fertility has in recent years been approximately coastant, but
mortality. has steadily declined for one or two decudes, or
more. Such a population has an uge distribution little different
from the stable distribution implicit in curremt fertility and
mortality schedules, It could be said, metaphotically, that
trends in mortality are almost completely forgotien as they
occur (Bourgeois-Pichat, 1958; Coale, 1962). Because of the
resemblance of (he age distribution of a quasi-stable
population to the currently implied stable age distribution, the
equations of stable population mathematics can be used to
oblain  approximate values of the birth-rale and other
measures of fertility, and of the death-rate and other measures
of morulity, from recorded age distribution and an
estimated rate of increase, A history of. constant fertility and
recently declining mortality was chaructenistic of many less
developed countries in (he 19505 and 1960s. Such application
of stable population analysis occupies all of a report wril_tcn
by Bourgeois-Pichat for (he United Nations { 1968b), and is a
major theme in Iwe other manuals on estimation published by
the United Nations (Manual IV, 1968, and Manual X, 1983).

In recent years it has been shown (Bennett and Horiuchi,
1981; Preston and Coule, 1982; Asthur and Vaupel, 1984) that
the question relating the age distribution of a stable
population 1o its constant rate of increase and 1o the fixed
morlality schedule to which it is subject can be modified
slightly 1o apply 10 any popuiation, in particular to a clo§cd
Ppopulation in which fertility and mortality have recently varied
rather than remaining unchanged. The equation for the age
distribution of a stable population

c(@)=b""p(a)
is modified to

cla)=b cxp[— f “re)dx oy,
(-]

where p(e) is now an expression of the proportion that would
survive o age g according 1o the mortaiity schedule at the
moment (or during the petiod) for which {a) is the proportion
at age a. The exponential factor now incorporates the sum of
the growth rates, (r(x)], that vary with age (rather than 4 times

a fixed rate ) over the range from 0 to a. This extension
Provides a much more fexiblc basis for estimation, and
doubiless will replace stable Population analysis in most such
uses,

Progenitors of stable Population theory existed ay least 150
years before the concept of stability was invented, and jis
validity proven, The theory promises to have descendants for
fany years in the future, non-stzble descendants (hag will
doubtless have as much absiract and practical value as the
stable theory itselr,

ANstey J. Coarg
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