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Problem 1
p L 1 2-x I -1

(b) f(x) is (strictly) increasing in (1,2] and (strictly) decreasing in [2,00). The
function has a (global) maximum at x = 2. There are no other extreme points,
because x = 2 is the only point where f/(z) = 0.

(¢) lim, ,1+ f(x) = —oo because 4 —x — 3 and In(z — 1) — —oo. To find the
limit as x — 00, note that we can write the function as

In(z — 1)

x
1 _ 1 13 7 1 _ 1
By L’Hopital’s rule, lim M = v = lim L
T—+00 x T—00 1
g(z) = —1 and f(x) = xzg(x) tends to —oo as x — oc.

f(x) =zg(x), where g¢g(z)= % -1+

= 0. Therefore,

(d) f(2) =2+1Inl =2 and f(z) - —oco as x — 17. Thus there exists an z;
close to 1 with f(z1) < 0. The intermediate value theorem (“skjeeringssetningen”)
tells us that the equation f(x) = 0 has at least one solution in the interval (x1,2).
Also, f(z) is strictly increasing in (1,2]. Hence, f(x) = 0 has a unique solution in
the interval (1,2). In a similar way we see that f(z) = 0 also has a unique solution
in (2,00). It follows that the equation f(x) = 0 has exactly two roots.

Sketch a graph!

Problem 2

) [+ amie = [@0 a4 de = b+ 07+ a0 40

T

V8
(ii) To find the integral I = / ( dx we try the substitution 1+ 22 = u,
0

1+ x2)e
2z dx = du. Since:c:O:>u:1andx:\/§:>u:9,weget

S|

1 /? I 1
I =— d_u:_/ u du = = ul e
2/ w2/, 21 1-a
:1[ 1 gl-a _ 1 ]:91_“—1
2ll—a l1—a 2(1—a)’
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Problem 3

11
(a) A’A:(l L 0) 10 :(? ;),andA’Ais|A’A|:4—1:3.
0 1

(b) A’A has an inverse because |A’A| # 0. The inverse is

1 2 -1
! -1 _ =
w12 h),
Problem 4
a Hterentiating with respect to x yields
(a) Diff iating with yield

2% + %) (22 + 2yy") = a®(22 — 2yy/)
(we consider y as a function of x), and therefore

,_wa® =202 +y?)
Sy a 4202 +y?)

Y

(b) At a point where the tangent is horizontal we must have ' = 0 and = # 0, so

x? + y2 = %a2. (1)
We must also have
(2 +9%)? = a®(z* — ¢?), (i)

because the point must lie on the lemniscate. From equation (i) we get 22 =

%aQ —y?, and then (ii) yields

2

2 a”.

at = a2(%a2 —2y?) —= ia = %a2 — 0P = =

o[

1
1

Hence y = j:%a\/?. Then 22 = %aQ —y? = %aQ = %cﬁ, SO x = iia\/g. It follows
that the tangent to the curve is horizontal at the four points

ot )

Problem 5

With the Lagrangian £(z,y) = = + zy — M(y + 22e¥ — 1), the necessary conditions
for (x,y) to solve the problem are

OL/0x =14y —2 ze? =0 (1)
OL)Oy =2 — X — Ax’e =0 (2)
y+ e’ =1 (3)

These equations are all satisfied at (zg,y0) = (1,0) if A =1/2.
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