
Problem 39 

(a) At stationary points, we must have 

𝑓1
′(𝑥, 𝑦) =

1

𝑥 + 𝑦
− 2𝑥 + 1 = 0 

𝑓2
′(𝑥, 𝑦) =

1

𝑥 + 𝑦
− 2𝑦 = 0 

Subtracting the second equation from the first to cancell out 1/(𝑥 + 𝑦): 

𝑤𝑒 𝑔𝑒𝑡 2𝑦 = 2𝑥 − 1 → 𝑦 = 𝑥 −
1

2
 

Substituting this into the first FOC: 

1

2𝑥 −
1
2

= 2𝑥 − 1 → 1 = 4𝑥2 − 3𝑥 +
1

2
→ 4𝑥2 − 3𝑥 −

1

2
= 0 

→ 8𝑥2 − 6𝑥 − 1 = 0. 

𝑥 =
6 ± √36 + 32

16
=

6 ± 2√17

16
=

3 ± √17

8
 

𝑠𝑖𝑛𝑐𝑒 𝑥 > 0 𝑎𝑛𝑑
3 − √17

8
< 0, 𝑤𝑒 𝑚𝑢𝑠𝑡 ℎ𝑎𝑣𝑒 𝑥∗ =

3 + √17

8
, 𝑡ℎ𝑒𝑛 𝑦∗ = 𝑥∗ −

1

2
=

√17 − 1

8
 

𝑠𝑜 𝑤𝑒 𝑓𝑖𝑛𝑑 𝑜𝑛𝑒 𝑠𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡 (𝑥∗, 𝑦∗) = (
3+√17

8
,

√17−1

8
). 

 

(b) Simply put if we have  

𝑓11
′′ (𝑥, 𝑦) ≤ 0,    𝑓22

′′ (𝑥, 𝑦) ≤  0,   𝑎𝑛𝑑  

𝑓11
′′ (𝑥, 𝑦)𝑓22

′′ (𝑥, 𝑦) − (𝑓12
′′ (𝑥, 𝑦))

2
≥  0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 > 0, 𝑦 > 0  

Then (𝑥∗, 𝑦∗) is global maximum,  

if  

𝑓11
′′ (𝑥, 𝑦) ≥  0,    𝑓22

′′ (𝑥, 𝑦) ≥  0,   𝑎𝑛𝑑  

𝑓11
′′ (𝑥, 𝑦)𝑓22

′′ (𝑥, 𝑦) − (𝑓12
′′ (𝑥, 𝑦))

2
≥  0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 > 0, 𝑦 > 0. 

Then (𝑥∗, 𝑦∗) is global minimum. 

Let’s first look at the second-order derivatives: 

𝑓11
′′ (𝑥, 𝑦) = −(𝑥 + 𝑦)−2 − 2 < 0,     𝑓22

′′ (𝑥, 𝑦) = −(𝑥 + 𝑦)−2 − 2 < 0 

𝑓12
′′ (𝑥, 𝑦) = 𝑓21

′′ (𝑥, 𝑦) = −(𝑥 + 𝑦)−2,   

  𝑓11
′′ (𝑥, 𝑦)𝑓22

′′ (𝑥, 𝑦) − (𝑓12
′′ (𝑥, 𝑦))

2
= (−(𝑥 + 𝑦)−2 − 2)2 − (−(𝑥 + 𝑦)−2)2 

= ((𝑥 + 𝑦)−2 + 2)2 − ((𝑥 + 𝑦)−2)2 = (𝑥 + 𝑦)−4 + 4(𝑥 + 𝑦)−2 + 4 − (𝑥 + 𝑦)−4 

= 4 + 4(𝑥 + 𝑦)−2 > 0 𝑠𝑖𝑛𝑐𝑒 𝑥 > 0, 𝑦 > 0.  

 

𝑆𝑜 𝑤𝑒 ℎ𝑎𝑣𝑒 (𝑥∗, 𝑦∗) = (
3 + √17

8
,
√17 − 1

8
)  𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑝𝑜𝑖𝑛𝑡 𝑓𝑜𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  

𝑓(𝑥, 𝑦) 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑖𝑛 𝑎 𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡 𝑥 > 0, 𝑦 > 0.  

𝑊𝑒 𝑎𝑙𝑠𝑜 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 > 0, 𝑦 > 0, 𝑜𝑛𝑒 ℎ𝑎𝑠: 

𝑓11
′′ (𝑥, 𝑦) ≤ 0,    𝑓22

′′ (𝑥, 𝑦) ≤  0,   𝑎𝑛𝑑  



𝑓11
′′ (𝑥, 𝑦)𝑓22

′′ (𝑥, 𝑦) − (𝑓12
′′ (𝑥, 𝑦))

2
≥  0.  

𝑡ℎ𝑒𝑛 (𝑥∗, 𝑦∗) 𝑖𝑠 𝑎 𝑔𝑙𝑜𝑏𝑎𝑙 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑓.  

 

 

Problem 138  

(a) 

𝑥 + 𝑦 + 𝑧 = 1 and 𝑥2 + 𝑦2 + 𝑧2 = 1 form an nonempty, closed and bounded set through 

which 𝑓(𝑥, 𝑦, 𝑧) is continuous, so according to the Extreme Value Theorem there must exist 

both a maximum and a minimum in this set.  

ℒ(𝑥, 𝑦, 𝑧) = 𝑒𝑥 + 𝑦 + 𝑧 − 𝜆(𝑥 + 𝑦 + 𝑧 − 1) − 𝜇(𝑥2 + 𝑦2 + 𝑧2 − 1) 

ℒ1
′ (𝑥, 𝑦, 𝑧) = 𝑒𝑥 − 𝜆 − 2𝜇𝑥 = 0 

ℒ2
′ (𝑥, 𝑦, 𝑧) = 1 − 𝜆 − 2𝜇𝑦 = 0 

ℒ3
′ (𝑥, 𝑦, 𝑧) = 1 − 𝜆 − 2𝜇𝑧 = 0 

ℒ2
′ (𝑥, 𝑦, 𝑧) − ℒ3

′ (𝑥, 𝑦, 𝑧) = 2𝜇(𝑧 − 𝑦) = 0 

→ 𝑒𝑖𝑡ℎ𝑒𝑟 𝜇 = 0 𝑜𝑟 𝑧 − 𝑦 = 0 

𝑖𝑓 𝜇 = 0, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡ℎ𝑎𝑡 1 − 𝜆 = 0 𝑠𝑜 𝜆 = 1, 𝑡ℎ𝑒𝑛 𝑒𝑥 − 𝜆 = 0 → 𝑥 = 0. 

The two constraints then become: 

𝑦 + 𝑧 = 1,     𝑦2 + 𝑧2 = 1 

→ 𝑦2 + (1 − 𝑦)2 = 2𝑦2 − 2𝑦 + 1 = 1 → 2𝑦2 − 2𝑦 = 0 

2𝑦(𝑦 − 1) = 0 → 𝑦 = 0, 𝑧 = 1 𝑜𝑟 𝑦 = 1, 𝑧 = 0. 

We have then got two solution candidates  

(𝑥1, 𝑦1, 𝑧1, 𝜆1, 𝜇1) = (0, 1,0,1,0), 𝑓(𝑥1, 𝑦1, 𝑧1) = 2 

 𝑎𝑛𝑑 (𝑥2, 𝑦2, 𝑧2, 𝜆2, 𝜇2) = (0,0,1,1,0),        𝑓(𝑥2, 𝑦2, 𝑧2) = 2.  

 

𝑖𝑓 𝑧 = 𝑦, 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑐𝑜𝑢𝑙𝑑 𝑏𝑒 𝑟𝑒𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎𝑠 ∶ 

𝑥 + 2𝑦 = 1 ,   𝑥2 + 2𝑦2 = 1 

𝑇ℎ𝑒𝑛 𝑦 =
1 − 𝑥

2
, 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑔𝑖𝑣𝑒𝑠 𝑢𝑠: 

→ 𝑥2 + 2 (
1 − 𝑥

2
)

2

= 𝑥2 +
1

2
(1 − 2𝑥 + 𝑥2) =

3

2
𝑥2 − 𝑥 +

1

2
= 1 

→ 3𝑥2 − 2𝑥 − 1 = 0 

→ (𝑥 − 1)(3𝑥 + 1) = 0 

𝑠𝑜 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑥 = 1, 𝑦 = 𝑧 = 0, 𝑜𝑟 𝑥 = −
1

3
, 𝑦 = 𝑧 =

2

3
. 

For 𝑥 = 1, 𝑦 = 𝑧 = 0,  

ℒ1
′ (𝑥, 𝑦, 𝑧) = 𝑒 − 𝜆 − 2𝜇 = 0 

ℒ2
′ (𝑥, 𝑦, 𝑧) = 1 − 𝜆 = 0 

→ 𝜆 = 1, 𝜇 =
𝑒 − 1

2
 

For 𝑥 = −
1

3
, 𝑦 = 𝑧 =

2

3
,  

ℒ1
′ (𝑥, 𝑦, 𝑧) = 𝑒−

1
3 − 𝜆 +

2

3
𝜇 = 0 



ℒ2
′ (𝑥, 𝑦, 𝑧) = 1 − 𝜆 −

4

3
𝜇 = 0 

→ 𝜇 =
1 − 𝑒−

1
3

2
, 𝜆 =

2𝑒−
1
3 + 1

2
 

We have then got another two solution candidates 

(𝑥3, 𝑦3, 𝑧3, 𝜆3, 𝜇3) = (1,0,0,1,
𝑒 − 1

2
) ,    𝑓(𝑥3, 𝑦3, 𝑧3) = 𝑒. 

(𝑥4, 𝑦4, 𝑧4, 𝜆4, 𝜇4) = (−
1

3
,
2

3
,
2

3
,
2𝑒−

1
3 + 1

2
,
1 − 𝑒−

1
3

2
) ,    𝑓(𝑥4, 𝑦4, 𝑧4) = 𝑒−

1
3 +

4

3
< 1 +

4

3
< 𝑒. 

It is easy to see that solution candidate  

(𝑥3, 𝑦3, 𝑧3, 𝜆3, 𝜇3) = (1,0,0,1,
𝑒 − 1

2
)  𝑤𝑖𝑡ℎ    𝑓(𝑥3, 𝑦3, 𝑧3) = 𝑒 

Solve the problem.  

 

 

(b) 

max 𝑓(𝑥, 𝑦)   𝑠. 𝑡.  𝑔(𝑥, 𝑦) = 𝑐  

𝑖𝑓 𝑤𝑒 𝑤𝑟𝑖𝑡𝑒 𝑡ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝑑 𝑓 𝑎𝑠 𝑓∗, 𝑡ℎ𝑒𝑛 

𝑓∗(𝑐 + 𝑑𝑐) − 𝑓∗(𝑐) ≈ 𝜆(𝑐)𝑑𝑐. 

 

∆𝑓∗(𝑥, 𝑦, 𝑧) ≈ 𝜆(0.02) + 𝜇(−0.02) = 0.02 − 0.01(𝑒 − 1) 

= 0.01(3 − 𝑒) 

 

 

Problem 86  

(a)  ℒ(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑥 + 𝑦2 + 𝑧2 − 𝜆(𝑥2 + 2𝑦2 + 2𝑧2 − 16) 

ℒ1
′ (𝑥, 𝑦, 𝑧) = 2𝑥 + 1 − 2𝜆𝑥 = 0 

ℒ2
′ (𝑥, 𝑦, 𝑧) = 2𝑦 − 4𝜆𝑦 = 0 = 2𝑦(1 − 2𝜆) 

ℒ3
′ (𝑥, 𝑦, 𝑧) = 2𝑧 − 4𝜆𝑧 = 0 = 2𝑧(1 − 2𝜆) 

ℒ2
′ (𝑥, 𝑦, 𝑧) − ℒ3

′ (𝑥, 𝑦, 𝑧) = 2(𝑦 − 𝑧)(1 − 2𝜆) = 0 

If 1 − 2𝜆 = 0 → 𝜆 =
1

2
 

2𝑥 + 1 − 𝑥 = 0 → 𝑥 = −1, 

𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑡ℎ𝑖𝑠 𝑖𝑛𝑡𝑜 𝑡ℎ𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑔𝑖𝑣𝑒𝑠 𝑢𝑠:  

1 + 2𝑦2 + 2𝑧2 = 16 → 𝑦2 + 𝑧2 =
15

2
 

So our first solution candidate(s) are: 

(𝑥, 𝑦, 𝑧) = (−1, 𝑦, 𝑧) 𝑤𝑖𝑡ℎ  𝑦2 + 𝑧2 =
15

2
, 𝑓(𝑥, 𝑦, 𝑧) =

15

2
 

If 𝜆 ≠
1

2
, 𝑡ℎ𝑒𝑛  𝑦 = 𝑧 = 0 → 𝑥2 = 16 → 𝑥 = ±4 → 𝜆 =

9

8
 𝑜𝑟

7

8
 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝜆 ≠

1

2
  

So our second and third solution candidates are  

(𝑥, 𝑦, 𝑧) = (4,0,0), 𝑓(𝑥, 𝑦, 𝑧) = 20    𝑎𝑛𝑑  



(𝑥, 𝑦, 𝑧) = (−4,0,0), 𝑓(𝑥, 𝑦, 𝑧) = 12. 

Easy to see that (𝑥, 𝑦, 𝑧) = (4,0,0) 𝑔𝑖𝑣𝑒𝑠 𝑡ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑢𝑚  𝑓(𝑥, 𝑦, 𝑧) = 20, 

And (𝑥, 𝑦, 𝑧) = (−1, 𝑦, 𝑧)𝑤𝑖𝑡ℎ  𝑦2 + 𝑧2 =
15

2
𝑔𝑖𝑣𝑒𝑠 𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚  𝑓(𝑥, 𝑦, 𝑧) =

15

2
 

 

(b) ℒ(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑥 + 𝑦2 + 𝑧2 − 𝜆(𝑥2 + 2𝑦2 + 2𝑧2 − 16) 

ℒ1
′ (𝑥, 𝑦, 𝑧) = 2𝑥 + 1 − 2𝜆𝑥 = 0 

ℒ2
′ (𝑥, 𝑦, 𝑧) = 2𝑦 − 4𝜆𝑦 = 0 = 2𝑦(1 − 2𝜆) 

ℒ3
′ (𝑥, 𝑦, 𝑧) = 2𝑧 − 4𝜆𝑧 = 0 = 2𝑧(1 − 2𝜆) 

Introduce the complementary slackness condition: 

𝜆 ≥ 0, 𝑤𝑖𝑡ℎ 𝜆 = 0 𝑖𝑓 𝑥2 + 2𝑦2 + 2𝑧2 < 16 

 

Let’s first assume 𝑥2 + 2𝑦2 + 2𝑧2 = 16, then we have 𝜆 ≥ 0, and the problem is identical with 

(a), which gives us the following solution candidates (and for all these candidates we can verify 

that indeed 𝜆 ≥ 0):  

(𝑥, 𝑦, 𝑧) = (−1, 𝑦, 𝑧) 𝑤𝑖𝑡ℎ  𝑦2 + 𝑧2 =
15

2
, 𝑓(𝑥, 𝑦, 𝑧) =

15

2
 

(𝑥, 𝑦, 𝑧) = (4,0,0), 𝑓(𝑥, 𝑦, 𝑧) = 20 

(𝑥, 𝑦, 𝑧) = (−4,0,0), 𝑓(𝑥, 𝑦, 𝑧) = 12 

Then we assume 𝑥2 + 2𝑦2 + 2𝑧2 < 16, which means that 𝜆 = 0 

The FOCs then gives us 𝑦 = 𝑧 = 0, 𝑥 = −
1

2
.  

So we have another solution candidates (𝑥, 𝑦, 𝑧) = (−
1

2
, 0,0) 𝑤𝑖𝑡ℎ 𝑓(𝑥, 𝑦, 𝑧) = −

1

4
 

Easy to see that (𝑥, 𝑦, 𝑧) = (4,0,0) 𝑔𝑖𝑣𝑒𝑠 𝑡ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑢𝑚  𝑓(𝑥, 𝑦, 𝑧) = 20, 

And (𝑥, 𝑦, 𝑧) = (−
1

2
, 0,0) 𝑔𝑖𝑣𝑒𝑠 𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑢𝑚  𝑓(𝑥, 𝑦, 𝑧) = −

1

4
 

  


