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ECON3120/4120 Mathematics 2, spring 2004
Problem solutions for seminar no. 11, 26-30 April 2004

(For practical reasons, some of the solutions may include problem parts that were
not on the problem list for the seminar.)

EMEA, 7.3.8 (= MA 1, 7.3.8)
(b) From f(z) =1/x and f'(z) = —1/2? we get

1 1 d
Ay = flotdw) = (@) = = =~

1
-1 1 1
Ay = — 10 _ = — ~0.01149,
33—4) 3-29 87
_ 1 1
dy=——9 — — ~0.01111.
4 32 00

(ii) With 2 = 3 and dz = —1,/100,

— 1t 1 1
AT —10%) = 3,999 gg7 ~ O-UOLLS,
U
dy = — 31200 = 300 ~ 0.001111.
EMEA, 12.3.7 (= MA 1, 12.2.3)
Let F(x,y,2) = 23+ y> + 23 — 32. Then
, F{(x,y, z) 3z z?

zx:_Fg(az,y,z) T 32-3 1-—22°

2

Similarly (or by symmetry), 2, = 1 id 5 - It follows that
-z
0 x? x? 0 x?
12 - - - - .= 1 o 2 - - _2 /
=gy () = 0 e
2 2 2221,2
_ x (—22) Yy 22%ytz
(1 —22)2 1—22  (1-22)3
1
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EMEA, 12.3.11 (= MA I, 12.2.4)

(a) F(1,3)=1e3341-32-2-3=1+9—6 =4, so the point (1,3) does lie on
the level curve F(x,y) = 4.
The first-order partial derivatives of F' are

Fi(z,y) =€ 4+9*> and Fj(z,y) = ze¥ > + 20y — 2.
Hence, the slope of the tangent to the level curve F(x,y) = 4 at the point (1, 3) is

,_ P13 143
YTTR@3) T 1+6-2

The tangent therefore has the equation y — 3 = (—2)(z — 1), that is,
y = —2x+5.
(b) Taking the logarithm of both sides, we get
(I+clhny)lny=InA+aln K+ FInL.
Differentiation with respect to K gives

coy
y OK

1 dy Q
1 1 1 - = —.
ny + ( —i—cny)yaK %

If we solve this equation with respect to dy/0K, we get

dy _ ay
0K  K(1+2clny)’

In a similar fashion,
9y _ By
OL L(1+2clny)

EMEA, 12.7.5 (= MA 1, 12.3.1)
(a) £(1.02,1.99) = 3-1.02% + 1.02- 1.99 — 1.99? = 1.1909.

(b) We have fi(z,y) =6z +y, f3(z,y) =2 — 2y, so fi(1,2) =8, f3(1,2) = -3.
The linear approximation formula then gives

£(1.02,1.99) ~ f(1,2) +8-0.02 — 3- (—0.01) = 1.19.
The error (= exact value — approximate value) is 0.0009.

EMEA, 12.7.6 (= MA I, 12.3.2)

The linear approximation formula yields

v(1.01,0.02) ~ v(1,0) + v{(1,0) - 0.01 + v4(1,0) - 0.02
=—1-2-001+3-002=-1-1.0.02~ —1.0067.
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EMEA, 12.7.1 (= MA I, 12.3.3)

In both (a) and (b) we use formula (1) on page 442 (formula (3) on page 433 in
MA I) to give the approximation

fz,y) = f(0,0) + f1(0,0)x + f5(0,0)y.
(a) For f(z,y) =1+ z+y we get

i@, y) = filz,y) = o

2/T+z+y’

so the linear approximation to f(x,y) about (0,0) is
flz,y) =1+ x4+ 1y.

(b) For f(r,y) = * In(1 +y),

em

filw,y)=e"In(1+y) and  fo(z,y)
Here, £(0,0) = £1(0,0) = €®In1 =0 and f5(0,0) = 1. That yields
flz,y) =€e"In(1+y)=0+0-2+1-y=uy.

EMEA, 12.7.7 (= MA I, 12.3.6)

We shall use formula (3) on page 444 (formula (4) on page 434 in MA I) to find
an equation for the tangent plane.

(a) Here, 0z/0x = 2x and 0z/0y = 2y. At the point (1,2,5), we get 9z/dy = 2
og 0z/0x = 4, so the tangent plane at this point has the equation

z—=5b=2x—-1)+4(y—5) < z=2x+4y —5.
(b) From z = (y — 22)(y — 22?) = y? — 322y + 22* we get 0z/0x = —6xy + 83
and 9z/0y = 2y — 3z%. Thus, at (1,3,2) we have 9z/0x = —10 and 9z/dy = 3.

The tangent plane is given by the equation

2—2=-10(x—1)+3(y—3) < z=—10z+ 3y +3.
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Exam problem 38
(a) Computing differentials, we get
vd(u?) +u* dv — du = 327 dx + 6y* dy
e d(ux) = ydv + vdy,
that is,
2uv du + u? dv — du = 32° dx + 63> dy
ue" dr 4+ xe"* du = y dv + v dy.

If we substitute the values xt =0, y =1, u = 2, and v = 1, we get

4du+4dv—du=6dy
2dx + 0du = dv + dy.

After a bit of calculation this yields
8 10
du:—gdx-l-gdy and dv=2dr —dy

at the point P. Hence, at this point
ou 10 ov

g _ a L9
oy 3 ™ O
(b) We get
8 10 8 10 2.8
Aurdi=—odr+ —dy=—2-01+—-(—02)= =2 ~ 0.
u = du 3 x + 7 W 3 0.1+ 3 (—0.2) 3 0.933
and

Av~dv=2dxr—dy=2-0.1-(-0.2) =0.4.

Exam problem 57

(a) Since
ftz, ty) = (ty)” + 3(tx)?(ty) = °y° + 3t°2%y = £ f (2, y),

f is homogeneous of degree 3. It follows that the desired constant is k = 3,
cf. Euler’s theorem.
Of course, we could also calculate directly:

zfi(z,y) + yfo(z,y) =z 6zy + y(3y® + 32%) = 3y® + 92°y = 3f(z, y).

(b) For every value of x, the function F(x,y) = y3 + 322y is strictly increasing
with respect to y, with F(x,y) - —oc as y — —oo and F(x,y) — o0 as y — oo.
It follows that the equation F'(z,y) = —13 defines y as a function of x over the
entire real line.
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Implicit differentiation gives

3y%y’ + 6xy + 32%y’ =0,
, 62y 2xy

R R S

This is the slope of the tangent to the curve at the point (z,y). With (z,y) =
(2,—1) we get y' = 4/5. Hence, the tangent to the curve at the point (2,—1) is
given by the equation

4 4 13
y—(—l):g(x—Z), that is, y=gr- <.
—2
(¢) From y' = wz——fzz we get

N 2zy")(2? +y?) — (—22y) (22 + 2yy')

(22 + 42)2
At the point (2, —1) we have y" = 4/5 and

, (2-2)Aa+1)—-4(4-%) (10-16)—-(16—32) 78 0
B (4+1)2 - 25 T 15

Thus, y is a concave function of x around this point.
(d) Since y(y? + 32%) = —13, we have (x,y) # (0,0), and therefore

13

- < 0.
y? + 322

y:

This shows that all points on the curve lie below the z-axis.
In part (b) we showed that

y = — 2zy _ —2y .
x2—|—y2 $2_|_y2 ’

Since S > 0, we have
z2 4 y?

y <0 for x <0 and ¢ >0 for x > 0.

This means that y decreases when x increases in (—o0,0], and increases when
x increases in [0,00). Hence, y attains its least value, ymin, for = 0, and so

(ymin)3 + 0 = —13, which yields ymin = ¥ 13 = — I13.

(Alternatively we could try to solve the problem
minimize y subject to y® + 32’y = —13 (%)
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by Lagrange’s method. The Lagrangian is
L=y — \y>+ 32%y + 13),
and the equations £}, = £; = 0 give
—6Azy = 0, (1)
1—3\y% —3X\z% = 0. (2)

We can see from equation (2) that we must have A # 0. Moreover, we showed above
that y < 0. Hence, from (1) we get 2 = 0, and the constraint yields y = —/13.
This is the only possible solution of the problem (x). But it then remains to show
that it really is a solution of the problem.)

Exam problem 63

(a) Implicit differentiation with respect to z in the equation 3re”y’ —2y = 3x2 44>
gives
2 2
3¢V + 3xe”™ (y* + 2xyy’) — 2y = 62 + 2y,

With z =1 and y = 0, we get
3—2y(1) =6, which gives 7'(1)=—-3/2.

Hence, the slope of the graph at the point (z*,y*) = (1,0) is 3/2.
The linear approximation to y(z) about this point is therefore

y() Y1)+ (e~ 1) =04 (~5)w 1) =—Sa+ .
(b) We want to study the model
pF'(L) —1 =0 (1)
pF(L)—rL—B =0 (2)

Differentiating the equations, and isolating the terms in dp and dL on the left-hand
side, we get

F'(L)dp + pF"(L)dL = dr (3)
F(L)dp+ (pF'(L) —r)dL = Ldr + dB (4)

Since pF'(L) = r, equation (4) can be simplified to

F(L)dp = Ldr +dB (4)
Hence,
L 1
dp = dr + —— dB
PEFm T ED
and
6
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1 _ F(L) - LF'(L) F'(L)

AL = Sy~ D) = = e Ery T s RD)

dB.

It follows that
@ B L Op 1 oL B F(L)— LF'(L) oL F'(L)

or  F(L)Y 0B F(L) or pF(L)F’"(L) ° 0B  pF(L)F'(L)

(¢) We know that p > 0, F'(L) > 0, and F"(L) < 0. Also, by equation (2),
F(L) = (rL + B)/p > 0. Hence, it is clear that dp/0r >0, dp/O0B > 0, and
OL/0B > 0.

To find the sign of OL/Jr, we need the sign of F'(L)— LF’'(L). From equations
(1) and (2), we get F'(L) =r/p and F(L) = (rL + B)/p, so

F(L)— LF'(L) = B/p > 0.

Therefore OL/0r < 0.

Slope F’(L)
y=F(L)

(L, F(L))

Slope F(L)/L

Exam problem 98 (c)

The figure shows the geometrical meaning of the inequality F'(L) > LF'(L) <=
F(L)/L > F'(L).
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Extra problems:

EMEA, 12.7.3 (= MA 1, 12.3.5)

We calculate the partial derivatives of g*:

dg* 1 1/(1-8)-1

[ 1 1 « 1 «
= (e e) (1+2)

1 _

= =5+ ma +e)) (1 4 o),
99" 1 B/(1-B) 1

=...=—((1 1 o 1 1 o
o = (L m+e)) (L+pa(l+e¢)

. 1 5] :
(Among other things, we have used that 5 1= 71 .) Hence, at the point

| =

(u,e) = (0,0), we have dg*/Opu = 1/(1 — 3) and Og*/0e
small values of 1 and €, we have

a/(1 — (), and so for

9" (n,€) = g*(0,0) + S 6—1_5(u+a€),

because ¢*(0,0) = 0.

Exam problem 89
(a) We differentiate the equation with respect to = (keeping y constant). That
yields

1 1
32%Inz + z?’; = 6222 (z,y)Inz + 223221(30, Y),

that is,
322Inz 4 2% = (622 Inz + 22%) 2 (2,9) (%)
Putting © =y = 2z = e, we get
3e? +e? = (6e* + 2¢%)z] (e, e),
and so
4e? 1

z1(e,e) = =3

If we differentiate (x) with respect to = again, we get
6zlnz+ 3z + 2z
= (12221 In 2 + 622%,21 +4z2)) 2] + (622 Inz + 222)2Y]
= (12zIn z + 62 4+ 42)(2])? + (62° In 2 + 222)27;.
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Then, with x =y = z = e and z{(e,e) = 1/2 in this equation, we get

1
6e + 3e + 2e = (12¢ + 6e + 46)1 + (6€2 + 2e2) 27, (e, €),
11
1le = 76 + 8e%2, (e, e),

which finally gives
11

" _
211(676) - 166 :
(b) Differentiation with respect to = gives

322 F (zy) + o’ F'(wy)(y + 2y/) + €™ (y + ay/) = 1.

Note that it says F(xy), not F(x,y), in the problem. (F is a function of one
variable, not two.) And by the rule for differentiation of products, (zy) = y+zy’.
Then, with x = 1, y = 0, and F(0) = 0, we get

3F0)+F(0)(0+y) +e20+y)=1 < F(0)y +y =1,
that is,

Exam problem 92

(a) Let F(z,y) = ze® ¥ 4 322 — 2y — 4. The formula for implicit differentiation
then yields

dy  Fi(x,y) e*Y 4 222ye” Y + 6

de ~  Fi(z,y) x3e*y — 2

In particular, at the point (z,y) = (1,0) we get

dy e +0+6

= 7.
dx el —2
(b) Differentiation with respect to z gives
dx dy dy
oY y_J 7 / =0
T tae! =+ f(2) +yf'(2)

dx
9@ y) + flﬁ(gi(:v,y)

dx

dy
—+ gé(ﬂf,y)—) +22=0

dz

By rearranging these equations we get

eyZ—ﬁ + (we? + f(z))% = —yf'(2)
dx dy

/ e / —d _ _
(9(z,y) +w91($,y))dz +  zgwy)- = =22
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This can be viewed as a linear equation system with dz/dz and dy/dz as the
unknowns. The determinant of the system is

‘ ey xe¥ + f(z)
9(z,y) +zg1(2,y)  xg5(,y)
= ze¥ (g5 (2, y) — 9(x,y) — 41 (z,y)) — f(2)(9(z,y) + zg1 (2, v)),

D=

and by Cramer’s rule,

dr 1 ‘—yf’(Z) we¥ +1(2) _ 1

2y (2)gh(x, y) + 22 (we” + £(2))]

dz " D| -2z agh(ay) | D
and

@_l‘ e¥ —yf'(2)

dz  Dlg(z,y) +zgi(z,y) -2z

— % [—Qeyz + y(g(x, y) + zg; (=, ?J))f/(z)}-

(Of course, instead of taking derivatives directly, we could have computed differ-
entials, but that would lead to almost exactly the same calculations.)
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