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(For practical reasons some of the solutions may include problem parts that are
not on the problem list for this seminar.)

EMEA, 9.7.1 (= MA I, 10.9.1)
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does not converge to any limit as b — co. Hence, the integral / —— dz diverges.
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Problem 9.7.1(d)

—z
(d) If we introduce u = va? — x? as a new variable we get du = —5— dx and
a? —x

/ﬁdmz/—du:—u+C’:—\/a2—x2+C.
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Therefore,

a—e
dr = lim dr = lim —Va?2 — x2

a T a—¢g €T
/(; Va2 — 2 ea0+/0‘ Va2 — 2 e—0+ |
= lim (—va®—(a—¢)?+Va?)=Va’=a

e—0Tt

(since @ > 0). Note that we let € tend to 0 from the right so that a — ¢ tends to a
from the left.

EMEA, 9.7.7 (= MA 1, 10.9.7)

1 n 1

Ve+2 3—=x
(—2,3) and tends to oo at both ends of this interval. In order to show that
the integral converges, we use the recipe in formula (9.7.3) on page 321 (formula
(10.9.3) on page 362 in MA I): We split the interval at an arbitrary point, at
x = 0, for instance, and then show that the integrals over (—2,0] and [0,3) both
converge. The indefinite integral is

The integrand, f(z) , is defined only in the open interval

/f(CU) dr = F(x)+C, where F(z)=2Vz+2—-2V3 -z,

and it is clear that

0
/_2 f(x) dr = a_l)lI_I12+(F(O) — F(a)) — F(O) _ F(—Q)
and

/O f(@)dz = Tim (F(b) — F(0)) = F(3) — F(0)

b—3—

exist. It follows that f is integrable over (—2,3) and
3 0 3
/ f(x)de = / fx)dz + / flz)de = F(3) — F(—2) = 2v/5 + 2v/5 = 4V/5.
) -2 0

Exam problem 21
(a) Using the rules

ﬂdﬂb)ﬂdm: %wl (@40, n+—1),
and
/eaz:§+02 (a #0),
we get
/((295 —1)2 4 e22) dg = (2,752‘_31)3 . 629;_2 e
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(b) Here we could use polynomial division to simplify the fraction, but it is a little
easier to use the substitution u = x — 1. Then z = u + 1, dx = du, and

2 2 _ 2 _
/x 2xdx:/(u+1) 2(u+1)du:/u 1du

r—1 U U

1 2 —1)?
:/(u—a)du:%—ln]u|+02%—ln\x—l|+0.

(This can also be written as 222 —z — In |z — 1| + Oy, with C; = C + 3.)

(¢) The innermost integral is

S|
——dx =
/1 (z+y)?
and the double integral is therefore
(—=In(y +2) +In(y +1))

/1< 1 n 1 )d B

=(—In34+mn2)—(—=In2+Inl)=2In2—1In3 =1n(4/3).

o=2 1 1 1
— — + ,
e=1 T+Y y+2 y+1

1

Exam problem 71

(a) The domain bounded by the curve y = 4v/z/(2 + \/x ), the z-axis, and the
straight line x = 4 is shaded in the figure below.

Y
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Problem 71

4

4

The area of this domain is A = / Ve dx. With the substitution u = 2+ /=
0 2+ Vx

we get z = (u — 2)?, dz = 2(u — 2) du, and

A:/UZ4M2(U—2)du:/4Mdu:/4(8u—32+%)du

—9 u U
4

(4u® — 32u + 32Inu) = (64 — 128 + 32In4) — (16 — 64 + 321n2)
2

=32In2-16 (=~ 6.1807).
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(b) L’Hopital’s rule yields

a® — x° “0” . ad®lna — ax®
= = a“(Ina —1).

I
2
I

lim
r—=a T —a 0 T—a 1

Exam problem 77
(i) We first calculate the indefinite integral. Integration by parts gives

/x(Q—I—x)l/Sdm = x2(2+x)4/3 - Z/(2+x)4/3dm
— 230t Loty c
4 28
The definite integral is then

6 6 /3x 9
/ (24 2)Y3de = (Z(2+:U)4/3——(2+x)7/3)
—1

. 28
9 9 3 9 447
_Zga/3 _ Zgr3 (2 T ) _ 3109
2 28 4 28 14 ’

where we have used that 8/3 = \3/§ = 2.
Alternatively, we can use substitution and calculate as follows: Introduce
u = (24 )'/3 as a new variable. That gives z = u® — 2, dr = 3u? du, and

/:1:(2 +2)3 dx = /(u3 — 2udu? du = /(3u6 — 6u®) du

3 6 3 3
(This is indeed equal to the indefinite integral we found above, although it does
not look that way at first glance.)
We the calculate the definite integral as before. However, we can also use

formula (2) on page 333 in EMEA (page 355 in MA I). That will give us
6 2 2 /3 3
/ (24 z)Y3 = / (3u® — 6u?) du = (—u7 — —u4)

—1
1/3

etc.

(i) Here we use the substitution z = ¥z = z/3, which gives z = 23 and

dx = 322 dz. The integral then becomes

/e%da::/ez?)szz:S/zQezdz.

In order to find the last integral, we use integration by parts twice:

/zQez dz = 2%e* — /2Z€Z dz = 2%e* — (Zzez — /262 dz)

= 22e% — 227 + /Zez dz = 2%e* — 2z¢% + 2¢* + C.
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/e%dx = 3(2%¢% — 2z¢* + 2¢* + C) = (32%/% — 623 + 6)eV* + (4,

where C; = 3C.

Exam problem 97
(a) We have ¢(0) =In1l —In2 = —1In2. Further,

1 1 1

— = >0
z+1 z4+2 (z+1)(x+2)

o' (x) =
for all x > 0, so ¢ is strictly increasing. Finally,

r+1 1+1/x

= — 0 — 00.
D n1+2/x as T o0

p(z) = In

It follows that the range (Norwegian: “verdimengden”) of ¢ is V,, = [—1n2,0).

Note that it is not enough to observe that ¢(0) = —In2 and lim,_, o, ¢(x) = 0.
The function value, ¢(z), might conceivably go both up and down as = runs from
0 to oo, so that ¢ might take on values outside the interval [—1In2,0). But once
we know that the function is increasing, this cannot happen.

(b) The function ¢ is strictly increasing throughout its domain (Norwegian: “defi-
nisjonsomrade”), namely the interval [0,00). Therefore it has an inverse !
defined on the range V,, = [-In2,0) of ¢. We can find a formula for the inverse
in the following way:

-1 y+1 y+1 x
= x) <~ =2 <= In =r <= —— =e¢
y=¢ (x) v(y) T2 T
— y+1l=¢€e"(y+2) < y(l—¢€")=2e"-1
2e* —1
= y= .
1—e”

(c) In order to find the inverse of the function ¢, we first need to check whether
¢’ really has an inverse. We know that ¢'(z) is defined for > 0. Because

" _ 1 1 _(«T+1)2—(I'+2)2_ —2xr —3
@@»__@wﬁﬁ+ﬂx+m2_ @+U%x+m2“@+1y@+2p<

0

for all x > 0, the function ¢'(x) is strictly decreasing throughout its domain,
D, = (0,00). Since ¢'(x) = 1/2 as x — 0 and ¢'(z) — 0 as x — oo, the range of
¢"is V,r = (0,1/2). It follows that ¢’ has an inverse function, defined on (0,1/2)..
Let h = (¢')~! be this inverse. Then h is defined on (0,1/2).

We have
y=nh(r) <= ¢'(y) =1 < L —x<:>(y+1)(y—l-2)—l
(y+1(y+2) T
1
(%) <':>y2+3y+2—5:0.
5
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It is tacitly understood here that y lies in V}, = Dy, = (0,00) and that z lies in
Dy, = (0,1/2). Equation (x) is a quadratic equation for y. If we solve this equation

we get
—3i,/9 42—— \/7 \/7

Since y is supposed to be positive, it is clear that we have to choose the + sign in
front of the square root. Hence,
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