Department of Economics
A. Strogm

Answers to the examination problems in
ECON 3120/4120, 30 may 2005

Problem 1

(a) The first and second order derivatives are

1
f'() =(nz)* +2-2Inz- ~ = (Inz)*> +2Inz = (Inz +2)Inz,

1 2 2
f'(#)=2lnz-—+~-==-(Inz+1).
A
(b) To determine the sign of f’(z), it is best to use the last version of f’(x) given
in part (a). The factor Inz + 2 changes sign at z = e~ 2 (because that’s where

Inz = —2), and Inz changes sign at x = 1. A sign diagram easily shows that
>0 if0<xz<e?,
fl@)S <0 ife?2<z<1,
>0 ifx>1.

It follows that f is (strictly) increasing in (0,e~2], (strictly) decreasing in [e=2, 1],
and (strictly) increasing in [1, 00).

It is clear that f(1) = 0 and that f(z) > 0 for all positive values of = different
from 1 (because then x > 0 and Inz # 0). Therefore x = 1 is a global minimum
point for f and it is the only global minimum point. The function has no global
maximum point because f(z) — oo as z — oo.

(c) By I'Hopital’s rule,

Inz)*  “o0” 21
tim a(ina)? = tim (07, @o)j
z—0t xr—0+ 1/x 00 B0+ _1/:1:2
21 « ) 9
= lim T lim /@ = lim 2x =0.
m%0+<—1/$ o0 m—%ﬁ’l/xz 0+

The second row here will be simplified if you recall that lim,_,o+ zlnx = 0.
A more efficient way to find lim,_,o+ z(In z)? is the following. Let u = —Inzx.
Then z =e %, sou — o0 < x — 07, and
lim z(Inz)? = lim e “u* = lim — =0.
r—0+ U— 00 u—oo el
(See formula (7.12.3) on p. 265 in EMEA or (6.5.4) on p. 224 in MA II.)
To find lim,,_,o+ f’(z), we shall use the product form of the derivative, f'(x) =

(Inz +2)Inz. Since Inx — —oco as x — 07, both factors in the product tend to
—00, and therefore lim,_,o+ f/'(z) = 0.
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Several candidates tried the following incorrect argument: Since f'(x) =
(Inz)? + 2Inx, where (Inz)?> — oo and Inz — —oo, the limit of f/(z) must
be 0o — 0o = 0 (or even co — 200 = —o0). This kind of argument is nonsense, for
if you have two expressions that both tend to oo, there is no general rule about
what happens to their difference. We do know that the sum will tend to oo, but
we do not know about the difference. Remember: oo — 0o is undefined.

Problem 2

(a) We use I’'Hopital’s rule twice:

) Bmt—-l—-xt “p» ) tém__t “p» ) t2€m t2
lim ——— = - = lim = - =lim = —.
z—0 2 0 z—0 2 0 z—0 2 2

Note that the differentiations are done with respect to x.

(b) Introducing u = €2* + 1 as a new variable, we get du = 2¢>* dz = 2(u — 1) du,

so dr = %. Also, ¢! = (€2%)2 = (u — 1)%2. Therefore

ele (u—1)%  du 1 fu—1 1 1
/€2m+1dx—/ v 2u-—1 _2/ u du-2/<1—u>du

(e** +1—In(e** +1)) +C

2O =

:;(u—lnu)—i-C:

~—

1 1
= 562x — —In(e** 4+ 1) + Cy,

2
with C; =C + %.
c) Integration by parts yields
I ion b ield
1
/(lnx)2 dx = /(lnaz)2 1dr = (Inx)?* -z — /2(lnx)x ~xdz
= z(lnz)? - 2/lnxdac = z(lnz)* — 2/(lnm) -ldx
1
= z(lnz)? — 2((Inz) -z — / s dx) (by parts again)
= z(lnz)? — 2zlnz + 2/1dw
=2(lnz)? — 2xlnx + 22 + C.

Problem 3

(a) Cofactor expansion along the first row yields

4 8
1 1

4 =2

A = 11

— = O

t
—2
1

— 00 —

zomno—t‘ ’+1‘ ‘:4#+6
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(b) Carrying out the matrix multiplications on the left side of the equation, we
get

2 1 r Y\ (x y 0 1\ _(2x+z 2y\ (2y x+y
-1 0 z 0 z 0 2 1) —r -y 0 z
(22 —-2y+2z —x+y
N —x —y—=z)

The original matrix equation therefore leads to the four equations

(1) 2x—2y+2=5 3) —xr+y=-2
(2) —z=0 4) —-y—z=1

From (2) we get x = 0 and then (3) yields y = —2. Equation (1) gives z = 542y =
1, and then equation (4) is also satisfied. Thus the problem has the unique solution

Note that (1)—(4) is a system of four equations in three unknowns. We only needed
three of the equations to find z, y, and z, but we also had to check that the values
we found satisfied the fourth equation as well.

Problem 4
(a) The Lagrangian is
L(z,y,a) =2 +y° + 2 - A2 + 20y +y° +2° —a) —ple +y+2—1)

where X\ and u are the Lagrange multipliers. The necessary first-order conditions
for (z,y, z) to be a minimum point are:

(1) Ly(z,y,2) =2x -2z +y) —p=0
(2) Ly(x,y,2) =2y = 2N\ +y) —p=0
(3) L(z,y,z) = 1-2Xz2—p=0
together with the constraints

(4) 2?4 2zy+ P+ 22 =a
(5) r+y+z=1

From (1) and (2) we get 2o = 2A\(z + y) + 1 = 2y, so x = y. It then follows from
(5) that z =1 — 2z, and (4) now gives

w? + 2% 422 + (1 -22) =5/2.

The roots of this quadratic equation are z; = 3/4 and z2 = —1/4. Hence there
are two points that satisfy the Lagrange conditions:

<$1>yl721) ::<3/4,3/45‘—1/2), (w2>y2>z2) ::(__1/47__1/473/2)'
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To find the corresponding values of A and p, we can use equations (1) and (3).
The results are

) = (1/8,9/8),  (Aaupiz) = (3/8,~1/8).

Given that there is a minimum point in the problem, we just have to check the
value of f(z,y,z) = 2% + y? + 2z at the two points we have found. We find

f(x1,y1,21) =5/8, f(z2,y2, 22) = 13/8.

Thus the minimum point is (z1,y1, 21).

Warning: Do not fall into the trap of thinking that (xs,ys2, 22) must be a max-
imum point just because it is the only other stationary point of the Lagrangian.
In fact, there is no maximum point, because the point (z,y,2) = (t — 1/4,—t —
1/4,3/2) satisfies the constraints for all ¢, and f(t—1/4, —t—1/4,3/2) = 2t>+1/8
can be made as large as we like by choosing suitable values of ¢.

How can anyone dream up points like that? Well, note that equations (4) and
(5) can be written as

(z+y)P+2"=0a,  (z+y +2=1,
so they actually place restrictions only on x 4+ y and 2z, namely

1++v2a—-1 1F+v2a—-1
e

Don’t worry, we wouldn’t expect you to do anything like this on the exam. Just
don’t take it for granted that a stationary point that is not a minimum point must
automatically be a maximum point.

(¢) V'(5/2) =X\ = 1/8.

m2xv05fe 3.12.2006 1389



