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There are 3 pages of problems to be solved, not counting this page.

Justifying answers:
e You are required to state reasons for all your answers.

e You are permitted to use any information stated in an earlier letter-enumerated
item (e.g. “(a)”) to solve a later one (e.g. “(c)”), regardless of whether you managed
to answer the former. A later item does not necessarily require answers from or
information given in a previous one.

Minimum requirements to pass this assignment:

e You will pass if each of problems 1, 2, and 3 is scored as good enough to pass, if
it were judged to be one exam stand-alone.
(The commonly applied pass mark in mathematics is forty percent, and this
course by default uses uniform weighting over letter-enumerated items.)

e [f you fail one problem despite a decent attempt at it, we may still let you pass
upon judging the overall quality of the paper. In particular, we shall take into
account that two letter items are marked as demanding.

The paper does not count towards your final course grade!

e Passing the term paper is required in order to sit in on the exam (see the Depart-
ment’s rules). Other than that, it does not in any way count towards your grade,
and the exam grading committee will not see your term paper.




Problem 1

(a)

Let h(z) = z¢ - [ 4 ¢%°*] and g(z) = W Consider for each s # 0 the limits

lim g(z) and  lim g(z)

For each s # 0: what does 'Hopital’s rule tell you about each of these limits?

For s in a certain range, the function h(z) of part (a) will have a global maximum
point z* > 0. The maximum value V' = h(z*) depends on s. Find an expression for

V'(s).

Let u(x) =z — 2 and v(z) = log,(1 — u(x)). Find o'(x).
(Hint: 2°@) =1 —u(z).)

An account accumulates interest as e’ continuously compounded, where t is time
measured in years.

e Suppose first that p = 0.025. Find p so that the annual interest rate is p %.

e Suppose instead that the annual interest rate is m % (where 7 is the constant

~~ 3.14159). Convert this to a continuously compounded p.

[This could be demanding] Let f be a twice continuously differentiable function
defined on (0, 00), and assume f is convex and that lim, .o+ f(z) < 0. Try to formulate
a proof by contradiction that f cannot have two (nor more) zeroes.




Problem 2 Let f(x,y) = e”™¥ — xy — 1.

(a) 1) f has the f(z,y) = 0 when xy = 0. Use this property, and the behaviour of the
Functions g(z) = f(y/2,v/2) and h(z) = F(1/2, — /%) to
e show that f has a stationary point at (0,0) without calculating the general
expressions for f,(z,y) nor f,(z,y).

e classify this stationary point without calculating second derivatives of f (hint:
what are ¢’(0") and A/(07)?)

ii) Now, calculate the partial second derivatives of f and check whether the second-
derivative test can classify the stationary point (0, 0).

Let from now on ¢ > 0 be a constant, and consider the problem
max f(z,y) subject to (tz +1)y <1, x>0 and y >0 (P)

(b) i) State the Kuhn—Tucker conditions associated with problem (P).
ii) Do we know already, without further calculations, that there will be at least one

point which satisfies these conditions?

(c) Consider the points such that = 0 and 0 < y < 1. Which of these points — if any —
will satisfy the Kuhn—Tucker conditions?

(d) It can be shown — but you are not asked to do so — that if the Kuhn—Tucker conditions
hold with > 0 and (tx 4+ 1)y = 1, then

t 3 1
o2/t +1) _

2 —_ —
(3 tr + 1> (tz +1)2

Show that there exists a positive = satisfying this equation.




Problem 3
(a) Let k be a constant. Show that

k*(k + 2)t* — 4k(k + 1)t + (k + 2)?
e—kt

/((k: +2)t — 2t + 1)k dt = C +

(b) Find the general solution of the differential equation
y(t) = (1—2t)e™* - y(t)
(Hint: Use part (a) with k = —2.)
(c) Find the particular solution satisfying z(2) = 3 of the differential equation

2(t) = (1 —2t)e™" + 2(t)

(d) [This could be demanding] It is a fact — and you shall not show — that there is a
unique particular solution w of

m™ T

w(t) =1+ (w(t))2 for t € (—5, =), such that w(0) = 0.

Do not try to solve this differential equation, as it requires knowledge beyond this
course.

e Show that w has an inverse 7, and find 7.




