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SECTION 9.12 / PHASE DIAGRAMS 355
Consider an economy with capital stock KX = K (¢) and production per unit of time
Y = Y (1), where ¥ = aK — bK?, with a and b as positive constants. Consumption is

C > 0, whereas ¥ — C = aK — bK? — C is investment. Over the period [0, oc), the
objective is to maximize total discounted utility. In particular we consider the problem

oo

1 .

f : Cl e gy, K =gk —bK*—{C, K(@©) =Ky >0
0 — v

where a > r > 0 and v > 0, with C as the control variable. We require that

K((t) =0 forallz«¢

The current value Hamiltonian is H¢ = 1—13 Cl" V4 A(aK —bK?—C). Aninterior maximum
of H¢ requires 0 H“/dc = 0, 1.e.
C™ V= A (1)
The differential equation for A = A(?) is A= —ila — 2bK) 4+ rA, or
. a—r o
A=A( —a-4+2bK) = 2bA(K " (ii)

Now (i) implies that C = A~ /¥, which inserted into the differential equation for K yields

K =aK — bK? — 37 VY (i)

—B-

Figure 2 ' Figure 3

Figure 2 presents a phase diagram for the system given by (ii) and (iii). We see that K =0
for A = (aK — sz)*v, with v > 0. Here z = aK — bK? represents a concave parabola
with z = O for K = 0 and for K = a/b. For z = 0, one has A = oo. The graph of
K = 0O is symmetrical about K = a/2b. Note that A, = 0 when K = (a — r)/2b, which
gives a straight line parallel to the i-axis. Because O < (a — r)/2b < a/2b, the graph
of A = O will be as suggested in the figure. The equilibrium point (K, A) is given by
K = (a—r)/2b, x = [(@® —r?)/4b] ".
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