Solution (Exercise 7.1)
Here, I will derive 7.1 (iii)-(vi)
We have already shown (in class) that we can write €; as follows:
g = (Ei—g)—(Xi—Y)A
> k=1 Ek (Xk — Y)

where A = ~ —
Zk:l (Xk - X)
We have also shown that
EA) = 0,
2
Var (A) = ?

(i)
(0.1) Var (&) = Var((ei—8) — (Xi — X) A)
= Var(e —E)—i—Var((Xi —Y) A) —2(Xi—Y) Cov (A,e; —¢)

Var(ei =€) = Var (gi - %)
= Var(s)+ Var (%) — 200w (e stk)
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2, no’ i .
= o'+ —5 —2Co (ei,g),note Cov (gi,ej) =0 for i #j
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= oty n (1 n)
Var ((XZ — Y) A) = (Xi — Y)Q Var (A)

(Recall our derivation of var (A) that we did in class)
2
= G-X) T
r-1 (X = X)

Further,

Cov(A,e;—8) = Cov <Zk=15k( k 2),€¢—Zk€k>
22:1 (Xk—X) n

= Cov <ZZ_1 ok (Xk _ Y) ,Ei> — Cov <ZZ—1 ck (X’“ — Y) , ok 5k>
Y (X = X)? P (X -X)° n
(X -X) -

= 02—_2

Sia (e -X)" S X, (% -X)°

X=X YL (G -X)
Sr (X -X)T Y, (X - X)
0'2 (Xz — Y)

= =308 (Xj—y):nY—nY:O
2kt (Xk - X)2 ;
Therefore, (0.1) can be written as
2 2 ¥
Var@) = o (1_ l) (X=X 5 -2 (X - X) %
" it (Xk —X) Sy (Xk — X)

02<l_1>_02<m—x)2_02 <1_1_<Xz-—X>2>,
n ZZ:1 (Xk - y)2 n 22:1 (Xk _Y)Q
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(iv)
We assumed that e;8 are independent. But €;s can still be correlated. To see why {€;} are correlated,
consider, for example, the expressions for €1 and &,.

15 — n_ Ek X, - Y
% (5172;6 k>f(X17X)Zk;1 k( k72)
n S (X — X)
e € — n_ Ek Xk —Y
o <52_Ek k)—(Xg—X) Zk;1 ( 72)
n Zk:l (Xk -X )
If €1 had been a function of €1 only, and €3 a function of 2, we would have zero covariance between €1 and
22. However, both €; and €, have all the disturbances terms {e;} common, thus making them correlated.

~ - Xi—X)(Xp—-X . .

Moreover, the third term in €; has all the error terms e, multiplied by % respectively. This
k=1\"k—

makes the covariance terms dependent on Xjs. Below we derive the covariance between €; and €;.

(v)

(0.2) Cov (8;,€5)
" 22:1 (ch — X) n ZZ:1 (Xk ~ X)
= Cov (z—:i - Zzgk,sj _ Zzgk)
+Cov ((Xz *Y) ZZ:l &k (Xk — Y) ’ (Xj 7y) ZZ=1 €k (Xk X)>
>t (Xk —Y)z n (Xk _ Y)2
—Cov (;;-i — M7 (Xj _y) D he1 €k (Xk —X;))
" Y (X - X)

—Cov <5j — M, (X, - X) Shiek (Xk —)(;))
" Y, (X - X)

The first term can be simplified as

Cov (si — ¥’5]~ _ M)

n
= CO’U (Ei,Ej) +CO’U (m’ M) _ CO’U (M,EJ‘) _ COU (51'7 Zk Ek)
n n n n
TLO’Z 0_2 0_2 0_2
n n n n

The second term:

Cov <(Xl _Y) ZZ:l ok (Xk _Y) (Xj _ Y) 22:1 €k (Xk —X))

S (X —X)7 Y (X - X))
= (XZ - Y) (Xj — Y)2 Cov ( 3 €k (Xk - Y) ) n €k (Xk —X)>
T o)\ 2

(Xi—X)(X;-X) 2,
- = 2\ 2 (Xk—X)"0

(Sie (5 -%)°) 2

(

X —X) (X; -X) 52

The third term:



Cow (52. _ M’ (X, - X) >y ek (X —X;)>
" Yo (Xk = X)

= Cov <Ei7 (X; — X) i o (X~ X)> — Cov <Zk Ek7 (X; — X) Do o (X - X)>
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Sie (X = X)° " S (Xk - X)
(X5 = X) (Xi— X) Cov (g4, &) B (X; - X) e
- Z:=1 (Xk*Y)Q nZZ:1 (iny)sz:(Xk X)C (ek,er)
_ (XJ'_Y) (Xi—Y)a2_ (Xj_y)az -
2 k=1 (Xk—Y)2 nyr_ (Xk—Y)Z;( k )

Note that »  (Xj — X) =0,
k

(X, - ) (¥, - X) o*
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Similarly, it can be shown that
n Y Y Y 2
aw@jZ”ﬂmﬁxﬂﬁﬂ”&?>—gﬂf”&Q”.
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Therefore, (0.2) can be rewritten as
Cov (El,gj)
0'2 (XZ—Y) (X]—Y) 0'2 Q(XZ—Y) (XJ—Y) 02
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(vi)
Note that F (/6\12) = Var () as E(€;) = 0.
Therefore, we have

ZE(??) = ZVar(a-)
= 202<1_1 (XZX)22>

nooYr (X —X)

- (1_%) S <P ok

Yo (X =X)* 4
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= no’-o’-oc’=0"(n-2).



