Forecasting

Claudia Foroni
Norges Bank

17 November 2014

C. Foroni Norges Bank

Forecasting 1/ 25



Forecasting
@0

An "optimality theory" for forecasting

@ A forecast is any statement about the future.
@ An "optimal" forecast requires that:

@ the empirical model is a good representation of the economy;
@ the structure of the economy will remain unchanged.
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Forecasting
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General properties

@ An in-sample congruent encompassing model should dominate
in forecasting.

@ Forecast accuracy should decline as the forecast horizon
increases, because more innovation errors accrue and so
predictability falls.

@ While adding causally relevant variables should improve
forecasts, adding irrelevant variables should generally worsen
forecasts from unnecessary parameter-estimation uncertainty.
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Forecasting from an AR model
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Forecasting from an AR model

@ Assumptions:

e The AR model holds fort =1,2,..., T, T+1,.... T +H.

e We know the parameters of the process (we abstract from the
estimation problem).

o We know the history of the time series y; without
measurement error (we abstract from the real-time problem).
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Forecasting from an AR model
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Loss function

@ The forecasting loss function is quadratic, i.e. we are
interested in minimizing the mean of squared forecast
errors (MSFE):

1 .
MSFE = ﬁz (y7+h —yT+H\T)2- (1)
h=1

@ The optimal forecasts are the conditional expectations
based on the period T information set (Z7):

YT = E(yr4n | Z7) (2)
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Forecasting from an AR model
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Forecasting an AR(1) process |

@ 1-step-ahead:

Vil = UA Oy + e (3)
E(yi41|Xe) = p+0y: (4)

@ 2-step-ahead:
Yeg2 = KA Oyp1 + e (5)

= u+0(u+0y+e1)+ et
= (p+0u) + 0%y: + Oer i1 + €rio
E(ye2|Te) = (u+06p)+ 6%y (6)
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Forecasting from an AR model
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Forecasting an AR(1) process Il

e Note: this is a "recursive" approach: equivalent to (only for
linear models!)

Yiv2 = H+0Oyri1t+epo (7)
E (}’t+2 |It) = pu+ 0Ve+1 (8)
= u+0(u+0y)
@ h-step-ahead:
Yioh = WA Oyein-1+ein (9)

= <y+9y+...+9h*1>+9hyt
+0" e o e
E(ernlZe) = (u+0u+.+0"1)+0": (10)
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Forecasting from an AR model
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Forecasting an AR(1) process I

@ The above formulas hold even in the case of 0 =1
(non-stationarity, Random Walk).

@ However, for the stationary case we have that when h — oo

E (ye+n|Ze) — 1379 = E (yt) (11)

which is the unconditional mean of the process.
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Forecasting from an AR model
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Forecasting an AR(2) process |

@ l-step-ahead:

Yir1 = p+01y:+02y 1+ e (12)
E(yer1|Xe) = p+01yr+ 0oy (13)
@ 2-step-ahead:
Yevo = H+01yip1 + 0oy +erq0 (14)
E(yt42|Xe) = p+061yeq1 + 6oy (15)

= p+01(u+01y: ++02y:1) + Ooy;
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Forecasting from an AR model
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Evaluate the forecasts |

@ Forecast error:
Etthlt = Yt+h — YVith|t (16)
@ Forecasts are unbiased:
E (Yern — yt+,,‘t) =0 for all h (17)
@ Variance of the forecast error:

Var (€t+h\t) = Var (}’H-h _}’t+h\t) H—> Var (yt) (18)

—00

@ The variance of the forecast error is used in constructing
prediction confidence intervals.

The prediction intervals typically increase with the forecast
horizon, but they stabilize as the horizon gets longer.
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Forecasting from an AR model
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Evaluate the forecasts: AR(1) example |

@ Forecast error:

Verrh = O0'vein4eein +0eiip1+ ... +0" e 1(19)
Ye+ht = Gh}/t—i—h (20)
Erynt = Et+h T 081+ ..+ 0" leris (21)

@ Variance of the forecast error:

Var (e, p)e) = <1+92 + ... +02(”‘1)> o? (22)
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Failures
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Failures in forecasting

@ In practice:

@ We do not know the structure of the true model.
@ We do not know the parameter values.

© Data are revised and measured with errors.

© The are structural breaks in the forecast period.

@ 1. and 2. can be solved by methodology.
@ 3. is nuisance (it matters mainly at short horizons).

@ 4. is the main problem!
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Failures
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Forecasting bias due to structural breaks |

@ We look again at a stationary AR(1) example.

@ Let us first write the model in equilibrium form (remember:
the mean of the process is t£5):

ye = p+0yr1+u, (23)
_ H K

yYr = 10 +6 <yt 1 71 9) —+ U, (24)

ye = Y +0 (-1 —y") +ue (25)
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Forecasting bias due to structural breaks Il

@ We assume that there is a structural break: E (y:) changes
from y* to y* 4 d.

@ The true conditional expectation is:
E(yrenr) =y +d+0"(yr —(y" +4d)).  (26)
@ Our forecast will be
EGronT) =y +0"(yr —y"). (27)
@ The forecast error will then be:
E(YrenT = VT4n7) = (1 - 9h) d #0. (28)

@ There is a systematic bias.
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Failures
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Forecasting bias due to structural breaks Il

@ The forecast corrects towards the wrong equilibrium.

@ After one period has passed, we can produce a new forecast
that condition on y71, where the break appears.

@ However, it will still not be enough to get the correct forecast.

@ Model based forecasts are not good at adapting to structural
breaks.
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Failures
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Parameters of interest when forecasting

@ When we estimate a model for policy purposes or for testing a
hypothesis, the parameters of interest are the derivative
coefficients.

@ When the purpose is forecasting, the parameters of interest
are the conditional means of the endogenous variables.

@ There can be breaks in the conditional means and not in the
derivative coefficients, e.g. a break in the constant.

@ This means that a model can be good for policy analysis, even
though it forecasts badly.
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Forecasting in practice
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Forecasting a time series model in practice |

Example: AR(1) process. Sample: 1990m1 - 2010m12.
1-step-ahead recursive forecast

@ Divide the sample in estimation sample (1990m1-1999m12)
and evaluation sample (2000m1-2010m12)

@ Recurive forecasting exercise:

@ Estimate the AR(1) on the sample 1990m1-1999m12 —
obtain 5(1),3(1)

@ With 5(1),3(1) and y1999m12 forecast ¥o000m1

© Estimate the AR(1) on the sample 1990m1-2000m1 —>
obtain 5(2),3(2)

Q@ With /9\(2),3(2> and yo000m1 forecast ¥2000m2

Q ..
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Forecasting in practice
90000000

Forecasting a time series model in practice |l

Example: AR(1) process. Sample: 1990m1 - 2010m12.
2-step-ahead recursive forecast

@ Divide the sample in estimation sample (1990m1-1999m12)
and evaluation sample (2000m1-2010m12)
@ Recurive forecasting exercise:
@ Estimate the AR(1) on the sample 1990m1-1999m12 —>
(1) (1)
obtain 0", 0
Q@ With /9\(1),3(1) and y1999m12 forecast ¥o000m1
@ With /9\(1),3(1) and y»000m1forecast ¥Yoooom2
@ Estimate the AR(1) on the sample 1990m1-2000m1 —>
obtain 5(2),3(2)
o ..
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Forecasting in practice
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How to compute the MSE in practice

@ Collect all the h-step ahead forecasts you obtain in a vector:
{¥2000m1. - Y2010m12 }
@ Compute the MSE as

2010m12 )
Z ()7t - )/t)

t=2000m1
29
N (29)

where N is the number of recursive samples (e.g. "months")
in your forecasting sample.
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Forecasting in practice
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Forecasts from a Keynesian type macro model

Example: Medium term macro model:

C: = a+b(GDP;— TAX;) 4+ cCi—1+ec: (30)
TAX; = d+ eGDP: + e1ax: (31)
GDP;, = Ci+ I, (32)

I = w +ep (33)

o (i, GDP; and TAX; are endogenous. C;_1 = C;_1 is
predetermined.

e I, is strictly exogenous with E () =y, and Var (I;) = 07.

@ The error terms are independent.

C. Foroni Norges Bank

Forecasting 20/ 25



Forecasting in practice
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Reduced form

@ Our purpose is to forecast Cry1, Cr42, ..., CT1y based on
data up to period T.
@ We generate our forecasts from the reduced form equation for
t .

_ a+bd b(l1—e) c ect — beeTaxe
Ct_l—b(l—e)Jrl—b(l—e)ltJrl—b(l—e)CtJr 1—b(1—e)"
Bo B B> &t
(34)

@ The model is an ARDL, with the reduced form coefficients
By By and B, = B, estimated by OLS from a sample
t=12,..,T.
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Forecasting in practice
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1-step ahead forecast

@ The 1-step ahead forecast for Cy.q is:

E(Cry1|Crilr) =By + BE(Ir+1|Crilr) + By Cr. (35)

@ We need to compute the forecast for /711 (we need the
forecast also for exogenous variables!):

E(lra|Criir) =y (36)
@ Therefore the forecast for Cr1 is:
E(Crya|Cr Ir) = By + Bypty + B Cr (37)

@ The parameters in the forecast are unknown: typically we
replace them with the parameter estimates:

E(CrialCritr) =Bo+ Byl +BoCre (39)

C. Foroni Norges Bank

Forecasting 22/ 25



Forecasting in practice
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h-step ahead forecast

@ The h-step ahead forecast for Cyry1 is:

E (6T+h |Cr ’T) = h)::% (.Bo +Blﬁ/> +ByCr. (39)
p=

where R
7= (Bo+Bift)) (40)
@ For h — o0
~ B+ B.7
E(Cranlcrir) = ol (a1)
P2
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Forecasting in practice
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Forecast errors: Bias

@ Forecast error:

N R h—1 . L, sh h—1
Cron—Cren=(v—%) Zﬁjz + (,32 - 52) Cr+ ) Bhees).
i—0 i—0
J J (42)

@ Bias:

E (CT+,, - 6T+h> = /_1225 [(’Y—?)Bﬂ + CrE (/33 —BS) :
J:
(43)

@ The bias should be small if the estimation sample is long
enough.
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Forecasting in practice
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Forecast errors: Variance

@ Variance:
N h—1 = h—1 0;
Var (CT+h - CT+h> = Var (Z [('Y —-7) 1312]> +0° > B
j=0 Jj=0

estimation uncertainty
(44)
@ The estimation uncertainty should be small if the estimation
sample is long enough.
@ For h —

0.2

1—p;
that is we expect that the variance of the forecast error
converge to the theoretical variance of the forecasted variable.

Var (CT+h - 6T+h> = Var (G;) = (45)
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