Exercise 4.4 and 4.5
4.4.1 Start with

Oy (F) = /OludM (u) = /OIUM' (u) du

By integration by parts, we know that:

1 1
uM(u)\é:/o M(u)du—l—/o uM’ (u) du

and substituting for the Lorenz curve:
Ll
U

- L(u)|(1):1—02/1L(u)du+/01uM’(u)du

0 u

0

thus:

/OluM’(u)du:l—/OlL(u)du

u

and, substituting,

Cl(F):l—/lL(u)du

0 U

Again use integration by parts to obtain that:

L 1 1 L(U)
(1+Inu)L(u)|,=1= / (1+Inu) L (u) dqu/ ——=du.
0 o U
Thus,
1 1
1—/ (u)du:/ (1+1nw) L (u)du,
o U 0
and substituting gives:
1
C1 (F) :/ (1+Inu) L' (u)du
0
Now remember that: L g
L(u)z—/ Fl(t)dt
K Jo
thus
L'(u)=~-F ' (u
(u) m (u)
Substituting:
1 1 [
/ (1+Inu) L' (u)du= 7/ F~1(u) (1 +Inu) du.
0 M Jo



But ifol F~'(u)(1+Inu)du =1 fol F~Y(u)du + ifol F~! (u)Inudu and

n
L [y F~'(u)du = 1. Thus,

1 [
Cy(F) = f/ F~' (u) (1 + Inu) du.
M Jo
Now use again integration by parts:

/0F_l(u)(l—i-lnu)du:F_l(u)(ullﬂ(u))’(l)—/0 ulnudF =" (u),

and solving:

1 1
/F_l(u)(l—l-lnu)du:O—/ ulnudF~* (u),
0 0

Thus:

1
Cy (F) = _i/o ulnudF =1 (u).

Finally, let us substitute for v = F (x) and, correspondingly, let us change
the extremes of integration to get:

4.4.2 Start with
1
CQ(F):G:1_2/ L(u)du
0

By integration by parts, we know that:

uL (u)|} = /OlL(u)du+/01uL’ (u) du

and substituting for L' (u) = iF’l (u) and solving;:

1 /! 1

1——/ uF~! (u)du:/ L (u) du,

K Jo 0

thus:
I 2 !

Cy(F)=1-2 [1— f/ uF~! (u)du] = f/ uF ™" (u) du — 1.
K Jo HJo
By integration by parts:

2 [ I
:f/ uF~! (u)du—l—f/ u?dF~ (u).
0 ®Jo K Jo

1 1

2 -1
—u F~ (u)
. (




l —u?) F~1 (u ,72 1u U l 1 —u
M(l )F ()oi H/o " ()dJr/J/o (1 )dF ()
Thus: L
= — —u? 1 (u) - 1.
CQ(F)—M/O (1—wu?)dF~ (u) — 1

Now substitute for u = F (x) (including the extremes of integration) and
remembering that p = [ (1 — F (2)) da:

Oy (F) =+ VOOO(1—F2(x))dx—/ooo(1—F(x))d4.

Oy (F) = ;/Ooo {F(a:)—F(:c)ﬂ dz
02(F>:2L/0°°F<x><1_p(x))dx

4.4.3 is similar as the above.

4.5.1
We showed that:
/ F~ (1+1nu)du.
Since fo (u) du = p, this is equivalent to:
1
—Inu) F~ ! (u)d
i

Notice that Wy (F fo —Inu) F~! (u) du is a social welfare function with

P'(u) = (—Inu). Thus the soc1al welfare function can be decomposed as

follows:
Wi (F)=p(l=Cy(F)).

4.5.2 and 4.5.3 are similar.



