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Ramsey-model with trend growth

max Uy = Zﬁtu(ctAt)Lt given (1)
t=0
e = ke + fke) = (L4 n)(1 + g)key1, (2)

At = Ao(1+g)F, Ly = Lo(1+ n)*
ko = k_o,kt ZO,Ct >0

Maximize with respect to ¢; and k¢4 for t =0,1,2,...
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Using Bellman’s method

Value function:
V(ke, Ar, Lt) = maxz ﬂjU(Ct+jAt+j)Lt+j (3)
j=0

Bellman equation:

V(kt, At, Lt) = max [U(CtAt)Lt + BV(kt_H[, At_|_]_, Lt+1)] (4)

ct,ke+1

@ Maximization is subject to constraints above

e Imagine that we substitute for ¢; from (2) in (4)
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-
Deriving first order conditions

max [u([ke + F(ke) — (L + ) ker1]Ae)Le + BV (ker1, Aevt, Let1)]
Differentiate with respect to k¢i1:
u'(ceAe)[—(1+ V) AeLe + BV (keg1, Atra, Ley1) = 0
Because optimization takes place also in the future:
Vi(ker1, Acit, Lev1) = u'(cer1Aei1) A1 Lep (1 + £/ (key1))

Combine the two above!
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Aty1ligr

! / !
—U'(ctAr) (1 + )AL +8u (cer1Ae+1)Arr1 Ler1 (1 + F(ker1)) = 0

which simplifies to

u'(ctAr) = Bu'(cer1Aer1)(1 + ' (keya)) (5)
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Warnings!

@ There may be no maximum!

@ Discounted utility may be infinite! Low discount rate, high
productivity growth

e Balanced growth paths are possible only if u(c) is CRRA
Assume CRRA utility and p > (1 — 0)g + n.
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R ——
CES-preferences

u(x)=(1/1-0)x'"?e=1/0>0

First order condition:

(CtAt)_e = (Ct+1At+1)_9ﬁ(1 + f,(kt-i-l))

—0
% = B(L+ f'(kes1)) (6)
SR (5 + (k)
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I
Consumption growth rates

Per capita:
A
SELZEL — [5(1+ F(kesn)))”
CtAs

Per efficiency unit of labor:

Ctt1

il G Fi(kes1))]7/(1 + 8)
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I
Conditions for balanced growth

(1 + (k)
Ct+1 = Ct —

ag
1 =1

1+p ) 1+g

kiy1 = ke =

(7)

c* =1f(k*)—(n+ g+ ng)k

(8)
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Loglinearizing steady state condition (7)

(1+g) (1 +p) "I+ F(k)))7 =1
—In(l+g)—caln(l+p)+oin(l+f(k))=In1=0

—g—op+of(k)~0

1
f'(ke) = p+ 8 (9)

Short period, g, p and f'(k) small numbers, In(1 + x) ~ x
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o p & fllk)
05 0.02 003 0.08
05 0.02 0.04 0.10
1.0 002 0.03 0.05
1.0 0.02 0.02 0.04
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-
Observations on the steady state

1
(k) ~ -
(k)~p+_g

> ki is independent of n
> k, depends negatively on p
> k. depends negatively on g and more so the lower is o

> k, depends positively on ¢ when g > 0

High g implies high real interest rate.
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Comparison of steady states

Golden rule f'(kex) =~ n+g

1
Ramsey f'(k) ~p+ —g
o
( 1)
p>|1——=)g+n
o

1
p+;g>n+g and ki < kys

By assumption

By implication
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