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Ramsey-model with trend growth

max V = Zﬁtu(ctAt)Lt given (1)
t=0
e = ke + fke) = (L4 n)(1 + g)key1, (2)

At = Ao(1+g)F, Ly = Lo(1+ n)*
ko = k_o,kt ZO,Ct >0

Maximize with respect to ¢; and k¢4 for t =0,1,2,...
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Deriving first-order conditions

Imagine that (2) is used to replace c; in (1).
Maximize with respect to kyy1 for t =0,1,2,...
Single out the terms in V' that contain kii1:

V= ...+ B'u(ceAe)Le + B u(cer1Aria) Lo + ..
Take derivatives:
ov t dCt dCt+1
= ctAr) AL By (cop1Aer1)Arpa L =0
Okern Bru'(ceAr)Ae tdkt+1 + B (ce41 A1) At L dkeir
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Deriving first-order conditions 2

Replace dc:/dk:+1 and dciy1/dker1 with the expressions you get from (2):
dee/dkey1 = —(1+n)(1 + g), deey1/dkers = 1+ f'(kega)
This yields

Att1letr

—u'(ctAr) (14 n)(1 + g)AeLe +8u (cer1Atr1)ArriLes1 (1 + ' (key1)) = 0

which simplifies to

u'(ceAr) = Bu'(cer1A+1) (1 + F'(kes1)) (3)
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Warnings!

@ There may be no maximum!

@ Discounted utility may be infinite! Low discount rate, high
productivity growth

e Balanced growth paths are possible only if u(c) is CRRA
Assume CRRA utility and p > (1 — 0)g + n.
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R ——
CRRA-preferences

u(x)=(1/1-0)x'"?e=1/0>0

First order condition:

(CtAt)_e = (Ct+1At+1)_9ﬁ(1 + f,(kt-i-l))

—0
Aoy A0 ) “
SR (5 + (k)
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I
Consumption growth rates

Per capita:
A
SELZEL — [5(1+ F(kesn)))”
CtAs

Per efficiency unit of labor:

Ctt1

il G Fi(kes1))]7/(1 + 8)

Asbjgrn Rgdseth (University of Oslo)

&
Macroeconomic Theory



I
Conditions for balanced growth

(1 + (k)
Ct+1 = Ct —

ag
1 =1

1+p ) 1+g

kiy1 = ke =

(5)

c* =1f(k*)—(n+ g+ ng)k

(6)
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Loglinearizing steady state condition (7)

(1+g) (1 +p) "I+ F(k)))7 =1
—In(l+g)—caln(l+p)+oin(l+f(k))=In1=0

—g—op+of(k)~0

1
f'(ke) = p+ 8 (7)

Short period, g, p and f'(k) small numbers, In(1 + x) ~ x
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Asbjgrn Rgdseth (University of Oslo)

o p & flk)
0.5 0.02 0.03 0.08
0.5 0.02 0.04 0.10
1.0 0.02 0.03 0.05
1.0 0.02 0.02 0.04
fllk)~p+ g
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-
Observations on the steady state

1
(k) ~ -
(k)~p+_g

> ki is independent of n
> k, depends negatively on p
> k. depends negatively on g and more so the lower is o

> k, depends positively on ¢ when g > 0

High g implies high real interest rate.
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Comparison of steady states

Golden rule f'(kex) =~ n+g

1
Ramsey f'(k) ~p+ —g
o
( 1)
p>|1——=)g+n
o

1
p+;g>n+g and ki < kys

By assumption

By implication
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Gu=Ce
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c = f(k) — vk
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