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Questions

o Effect of capital accumulation and population growth
o Effect of economic growth on real wages and real interest rates

@ Is more saving always an advantage in the long run?
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Solow's growth model

@ Source: Romer Ch. 1
@ Discrete versus continuous time
@ Read Ch. 1

Learning basic concepts in dynamic analysis
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Solow's growth model

Y; = output

Ye= F(Ke. Acle) (1) Ke = capital,
L; = labor

Iy = sY: (2) l; = investment
Kepr = Ke + I (3) A = Iabor—a.ugmentin‘g tech factor
. F = production function
Lt = Lo(1+n) (4) F: constant returns to scale,
Ac=Ao(l+g)'  (5) Koo Lo given
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Stocks and flows

@ Flows are measured per unit of time
> /; no of machines per year

@ Stocks are measured at a point in time
» K; no of machines available at beginning of period t

@ Some flows add to stocks over time
» Accumulation equations: Ki11 = Ky + I;
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Removing the trend
ALy = Labor input in efficiency units.

AtLt = A()Lo[(]. + g)(l + n)]t = AoLo(l + ’}/)t
v = "natural” growth rate, y=n+ g+ ng

Define new variables: k = K /AL = capital intensity, y = Y /AL = output
per efficiency unit of labor

Ke  Aely
= F(K:, A:L:) /ALy = F = F(ks, 1
Yt ( ty At t)/ tle (AtLt7AtLt> ( ty )

Define f(k) = F(k,1). Then

ye = f(ke) (6)
o A 3016 10



Removig the trend

Kt+1 — Kt = It = SYt (7)
Divide through (7) by A:L;:

Ken K _ Y
Al AL AL

kt+1(At+1 Lt+1/AtLt) — ke = sy;

or
kiy1(L+7v) — ke = syr

vkt+1 = investment needed for capital to keep pace with natural growth

kt+5yt
1+~

(8)

Kit1 =
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Model in intensive form

Repeating (6) and (8):

kt + syt
ket1 = m
ye = f(ke)
or simply
ke + sf(k
o = 1122 )

One difference equation in one unknown time series, k;.
Initial k (ko) given

Asbjgrn Rgdseth (University of Oslo) Macroeconomic Theory 19 August 2013 8 /19



Assumed properties of f (Inada conditions):

f'(k) >0, f"(k) <0
f(0) =0, f'(0) =00, f'(0)=0
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Transitional dynamics
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-
Stationarity and stability

@ A stationary state is in a dynamic model is a state where all the
variables in the model stay constant

@ A stationary state is a state that reproduces itself over time
e In kt+]_ = [Sf(kt) + kt]/(]. +")/) kt = k™ makes kt_|_1 = k*
@ A stationary state can be either stable or unstable
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N
The Balanced growth path (steady state)

K, Y, LA grow with rate 7, k is constant

Steady state k* defined by

kt+1 = kt = k* or st
¥k
k*(14 ) — k* = sf(k*) sHk)
sf(k*) = vk* (10)
vk* = investment needed to keep K k

pace with growth in AL.

Two steady states, one with k* = 0,

one with k* > 0
kt+1(1 + ")/) - kt = Sf(kt)

Asbjgrn Rgdseth (University of Oslo) Macroeconomic Theory 19 August 2013 12 /19



N
Stability

@ A stationary point is globally stable if, for any given starting point, the
economy moves towards that stationary point as time goes to infinity

@ A stationary point is locally stable if for any starting point in a region
around the stationary point, the economy moves towards that
stationary point as time goes to infinity.

@ In a single equation model local stability requires that the feed-back
from the variable to itself is less than one-to-one:

dk !
t+1 — 1 + Sf (kt) < 1

when calculated at k*.

Asbjgrn Rgdseth (University of Oslo) Macroeconomic Theory 19 August 2013 13 /19



R ——
Wages and rental price of capital

Real interest rate is equal to marginal product of capital
re = f' (k)
Real wage per efficiency unit is equal to marginal productivity of labor
we = f(ke) — kef' (kt)
Real wage per worker
Arwe = Ac[f(ke) — kef'(ket)]
Together the two factors get the whole output

Wt + reke = yr
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If you demand proof

Remember:
Yl’ == F(Kt,AtLt) == AtLtf(Kt/AtLt)

Take derivatives on both sides:

dY;
d_Kz = F1(Ke, AcLe) = (k)

Do the same with L;
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-
Along the balanced growth path

> Growth rate of output per capita is equal to productivity growth rate
g

> Capital intensity, k* depends positively on s, negatively on n and g.

> Level of output depends positively on s, negatively on n

> Real interest rate, r* = f/(k*) depends negatively on s, positively on
nand g

> Real wage, Asw* = A[f(k*) — k*f'(k*)], grows with rate of
productivity growth

> The share of wage income in total output is constant.

> Level of real wage per efficiency unit, w*, depends positively on s,
negatively on n and g
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The Golden Rule of Accumulation
Consumption per efficiency unit of labor in steady state is:

¢ = f(k) — 7k (11)

First order condition for maximum is f'(k) —~v = 0. Golden rule level of k,
k** is determined by
(k™) =1 (12)

k%

r =x

Interest rate equal to natural growth rate
Savings rate required to reach k**:

Along the Golden rule path the savings rate equals the income share of
capital.
If s is increased beyond s**, consumption is reduced both now and in all
future!
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Some questions

1. Is it conceivable that rational agents will save too much for society's
long-run good?

2. Should society aim at the golden rule level of capital in the long run?

3. How much private saving should we expect in a market equilibrium?
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.
Discrete versus continuous time

1
kip1 — ke = T +,y[Sf(kt) L

k(t) = sf(k(t)) — 7k(t)
sf(k*) = vk*
SF(K*) = 7k* (k) =7
= n+
Yy=n+g+ng=n+g i £
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