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Problem Set 9:
Real Business Cycles (Solution)

Exercise: A two-period real business cycle model

Consider a representative household of a closed economy. The household has a planning
horizon of two periods and is endowed with the following preferences over consump-
tion, ¢, and labor supply, 4,

U = u(c1) —o(h1) + BE [u(ca(s2)) — v(ha(s2))],
subject to the state-by-state budget constraints
c1+ax = wihy
ca(s2) = w(sp)ha(s2) + (1 +rp)ap, Vsp € S = {SG, SB}.

The variable s, denotes the state of the economy in the second period which follows the
stochastic process

o sg, with prob. p
2 sp, with prob. 1 — p,

and the household conditions the consumption, c;(s2), and the labor supply, h(s2), in
the second period on the state, s,. Note that
Elx(s2)] = px(sg) + (1 - p)x(sp),

denotes the expected value of any variable x that is a function of the future state of the
economy, s;. In each state of the economy, s;, there is a linear (in labor 7;) production
technology of the form

yi(se) = Alst)ne(st),
such that the competitive wage is given by

w(si) = ?’H — Alsy),

where the labor productivity is higher in the good state,

A(sg)=A+(1—p)o> A(sg) =A—po, oc>0,
than in the bad state of the second period. In the first period, the wage is given by
w1 =w(sy) = E[w(sy)] = A4,

such that in expectation both periods yield the same wage (labor productivity). Note
that o is a measure of the risk in the economy as

Varlw(s,)] = E |w(s2)?] — B [w(s2)]* = p(1 - p)o>

Such that the risk in this economy vanishes as ¢ — 0. We will call that case the deter-
ministic economy.
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(a) Let (A1, Aa2(sg), A2(sp)) denote the Lagrange multipliers of the state-by-state bud-
get constraints. State the representative agent’s Lagrangian.
Solution:

By the definition of the expectation operator

Efu(ca(s2)) —v(ha(s2))] = p [u(ca(sc)) — v(ha(sc))]
+ (1= p) [u(ca(sp)) —v(ha(s))],

such that the Lagrangian can be written in the state-ordered form as

L= Ll(Cl) — U(hl) + A [w1h1 —ay — Cl]
+Bp [u(ca(sc)) —v(ha(sc))] +Aa(sc) [w(se)ha(sc) + (1 +r2)a2 — e2(s6))]
+B(1 = p) [u(ca(sp)) — v(ha(sp))] + Aa(sp) [w(sp)ha(sp) + (1 4 r2)az — ca(sp))] -
Note that it is important that the return on the asset is not state-contingent. So,

technically we are in an incomplete markets environment without aggregate risk
(don'’t tell this the students, this is just an internal notice).

(b) Derive the optimality conditions with respect to consumption, (c1, c2(sg), c2(sg)),
labor supply, (h1, ha(sg), h2(sg)) and savings, a,.
Solution:

The optimality conditions with respect to the choices read (we leave away the ones
for the Lagrange multipliers)

L

0= 30 =u'(c1) — M (1)

= 5oty = P (ealsc)) = Malsc) ®
0= goorees = Bl = p)ucalon)) = ) ®
0= g—hﬁl = —v' () + My 4)
0= gy = —po/(ia(sc)) + Malsc)u(se) ®)
0= gacs = =B(1 = p)v/(ha(on) + Malsu)w(su) ©)
0= 52 =1+ [hafsc) + Ma(sn)) (1+12). ?

(c) Show that the optimality condition with respect to savings, 4, can be expressed as
the following stochastic consumption Euler equation

u'(cr) = BE [t (c2(s2))] (1+ 7r2). (8)
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(d)

Then use the intratemporal optimality conditions to show that
wu'(c1) =0 (1), w(sx)u'(c(s2)) = V' (h(s2)), Vs € S. )

Solution:

The stochastic consumption Euler equation can be derived by combining Equa-
tions (??) to (??) with Equation (??) to eliminate the Lagrange multipliers

u'(cr) = B [pu'(ca(sc)) + (1 — p)u'(ca(sp))] (1 +712)
= BE [t/ (c2(s2))] (1 +12).

Combine Equations (??) and (??), (??) and (??), and (??) and (??), respectively, to
yield the intratemporal optimality conditions

wiu'(c1) =9’ (hy), w(s2)u'(c(s2)) =o' (h(s2)), Vs2 € S. (10)

The intratemporal conditions mean that the marginal cost of working one more
unit, v’ (1), has to be equal to the value of the increased earnings expressed in terms
of marginal utility of consumption. Plugging this into the stochastic consumption
Euler equation in Equation (??) yields

V() BE [v’(h(Sz))

w1

} (1+72),

which is the stochastic Euler equation in terms of the labor supply.

From here onwards we consider the following functional forms for the agent’s
marginal utility

u'(c) = ¢!, (log-utility)
o'(h) = h'/?, ¢ > 0.

Assuming that the asset 4, is available in zero supply. Show that the equilibrium
return on the asset, 1 + r, which clears the capital market (zero asset demand),
ap = 0, is characterized by the equation

' (wy)
E [/ (w(s2))]

1

(1+r2)p=

Show that marginal utility u'(w) = w™
Jensen’s inequality applies strictly

u'(wy) = u'(E[w(s2)]) <E[u'(w(s2))],

is a strictly convex function such that

ifw(sg) # w(sp). If w(sg) = w(sp), then the above inequality becomes an equal-
ity.
Solution:
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(e)

In equilibrium a; = 0, such that the state-by-state budget constraints imply the fol-
lowing consumption levels

1 = w1h1
02(52) = W(Sz)hz(SZ), Vs, € S.

The intertemporal optimality conditions imply

¢ _
:hl(f’,

wlcl_1 = hi/(’) & h = [wlcl_l](p = [wl(wlhl)_l]
such that the optimal labor supply is given by
hy = 1.
The same transformation holds for the optimal labor supply in the second period
ha(s2) =1,

such that optimal consumption is given by

1 = w1h1 = wW1.
c2(s2) = w(sp)ha(s2) = w(sz), Vsp € S.

Use this in the stochastic consumption Euler equation in Equation (??) to yield

ww) _ w(E[w(s2)])
Eu'(w(s2))]  E[w'/(w(s2))]
Since the marginal utility function can be shown to be strictly convex (marginal

utility is strictly convex when the third derivate of the utility function is strictly
positive. This is the necessary condition to have precautionary savings)

(1+72)p =

u'(w) = w!

u(w) = —-1w2 <0
u" (w) = 2w >0,
Jensen’s inequality can be applied to this ratio in the strict sense, if ¢ > 0 as then

w(sg) # w(sg). (INTERNAL NOTE: ILLUSTRATE JENSEN’S” INEQUALITY IN
A DIAGRAM FOR THE CONVEX MARGINAL UTILITY.)

Compare the equilibrium labor supply in the first period, /; and the interest rate,
1 4 1, of the stochastic economy (¢ > 0) to the equilibrium variables in the de-
terministic economy (¢ — 0). What is your conclusion, how do the optimal labor
supply and the interest rate respond to an increase in risk, 0?

Solution:
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(f)

In the stochastic economy with ¢ > 0, Jensen’s inequality implies

W(w) _ w(Ew(s)])
Elu'(w(s2))]  E[w'/(w(s2))]
such that the interest rate in this economy is smaller than the inverse of the dis-

count rate, (1 +r2) < 1/pB. In the deterministic economy, the consumption Euler
equation implies

(1+r)B= <1,

W(E()]) W'(A) B
WH72)P = Eliw(s)] ~ pd(A) + (- pa(d)

such that the interest rate is equal to the inverse of the discount factor, (1 +r;) =
1/ and therefore higher than in the stochastic economy. (INTERNAL NOTE: IL-
LUSTRATE THIS IN A DIAGRAM WITH a; ON THE VERTICAL AND 1 + r, ON
THE HORIZONTAL AXIS. ASSET SUPPLY IS THEN HORIZONTAL, ASSET DE-
MAND STRICTLY INCREASING IN 1 + r7.)

The reason why the interest rate is lower in the stochastic case is that the demand
for assets is higher because of the precautionary savings motive of the household,
such that the return to savings has to be lower to clear the market given the same
zero asst supply.

The optimal labor supply in period one on the other hand is the same across the
two models,
hi =1,

and is unaffected by an increase in the risk of future labor productivity.

In parts (d) and (e) we have assumed that the asset is given in zero supply. Here we
relax this assumption and assume instead that the household faces an exogenous
interest rate

14+rn=1/ IB,

but may choose nonzero savings at this interest rate. We already know from parts
(d) and (e) that in the deterministic economy (¢ — 0) this interest rate implies zero
asset holdings, a; = 0, and a constant labor supply across periods

hy=hy = 1.

Now, let us see what is the optimal labor supply, /1, and savings, a5, in the stochas-
tic economy. Suppose we knew the optimal level of savings in the stochastic econ-
omy and let denote this level by ;. Show first that the optimal labor supply in the
tirst period, hy, is increasing in the level of savings, 4. Then show that the optimal
level of savings will be strictly positive, 4, > 0. Thus, what is your conclusion
about how the optimal labor supply in the first period responds to an increase in
risk, 0?

Solution:
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From the budget constraint we know that consumption in period zero is given by
c1 = wihy — i,
The intratemporal optimality condition then implies
P~

h =wjc,” = w;p(wlhl — i) 7.

Let’s define implicitly the optimal labor supply as a function of
G(hl(ﬁz),ﬁz) = wf(wlhl (ﬁz) — ﬁz)i(’) — I’ll (ﬁz) = O,

such that the implicit function theorem gives us the response of the first period
labor supply with respect to the savings 4, as (note that d denotes total derivatives
and o partial derivatives)

dG(h1(d2),32)  0G(h1(a2),d2 )dhl(ﬂz)JraG(hl(ﬁz)zﬁz)

= 2 -0
di» ohy (dp) dir di» !
such that
dhy(d) _ G (i), 32) /0
dia  9G(h (@), d2) /9 (@)
wy (=) (wihi(a2) — ) "9~ 1(~1)
wf(_q’)(wlhl(ﬂz) — )¢ lwy —1
 ew] (w1 (Gy) — ) ¢!
 gw! (wihy (@) — dp) P wy + 1
_ pw] (wihy(Gy) — @) ™9 (wihy(dy) — )"
gl (wihy (32) — i)~ Pwy + (wih (@) — ) (wih (d2) — 32) 1

_ ¢hy(a2)
(ph1 (ﬁz)wl +C (ﬁg)

4

such that household will increase the labor supply in the first period with the level
of savings. Note that this relationship between the labor supply and savings is
valid independent on whether there is risk in the economy and applies to both
cases where the asset demand is allowed to be different from zero in equilibrium.

Can dy = 0, iy = hy(s2) = 1, be the equilibrium of the stochastic economy? No,
the following Euler equation has to be satisfied at the optimal level of savings, >,

u'(c1) _ u' (wihy — dp)
Efu'(ca(s2))]  E[u'(w(s2)ha(s2) + (1+12)a2)]

and we have already seen that zero asset holdings are only consistent with an
interest rate smaller than 1/ in the stochastic economy

‘3(1+72):1:

u/(wlhl — ﬁz) B ul(wl) B )
E[u (w(s2)ha(so) + (1+1)d)]  Eu/(w(sy))] <1=p(1+r),
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by Jensen’s inequality. So, in the stochastic equilibrium the marginal utility in the
first-period has to be higher (first-period consumption has to be lower) than in the
deterministic equilibrium and this is only possible by saving a positive amount,
dp > 0. This also increases the labor supply in the first period h; > 1 (but only to
the extent that consumption is lower and marginal utility higher than before).

In summary, with an exogenously given interest rate (1 + rp) = 1/p, the house-
hold saves more (precautionary savings) and works more in the first period as the
risk in the economy increases. (INTERNAL NOTE: ILLUSTRATE THIS IN A DIA-
GRAM WITH a; ON THE VERTICAL AND 1 + r, ON THE HORIZONTAL AXIS.
ASSET SUPPLY IS THEN VERTICAL, ASSET DEMAND STRICTLY INCREASING
IN1+ 1’2.)

As a last step of the analysis, consider a closed economy where the demand for
assets must be equal to the demand for physical capital in the second period

ar = k2(1’2).

Thus, the demand for capital, k; is a decreasing function of the endogenous inter-
est rate, o, (think of the interest rate as the marginal product of capital, the higher
the capital the lower the marginal product of capital). Intuitively, what will be the
response of first-period labor supply, savings, and the capital in this economy if
the risk ¢ increases?

Solution:

The mechanism is very similar to the cases analyzed before: as the risk in the
economy increases, the precautionary savings motive of the household increases.
Would the interest rate stay unchanged, then the demand for assets exceeds the
demand for capital which can not be a capital market equilibrium. Thus, the inter-
est rate will have to fall and this reduces on the one hand the demand for assets
and on the other hand it increases the demand for capital (the asset supply!) until
the capital market clears again.

The difference to the previous case is that the interest rate will fall less (be higher)
compared to the case where the asset supply was fixed, as also the available capital
is expanding with the falling interest rate. Also, the increase of the labor supply
in the first period will be less pronounced in the first-period, but increase with
the amount of savings. (INTERNAL NOTE: ILLUSTRATE THIS IN A DIAGRAM
WITH 4, ON THE VERTICAL AND 1 + r, ON THE HORIZONTAL AXIS. AS-
SET SUPPLY IS THEN STRICTLY DECREASING, ASSET DEMAND STRICTLY
INCREASING IN 1 +17.)

Exercise : The Laffer Curve

Consider a representative household of a static economy with the following prefer-
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ences over private consumption, ¢, labor supply, /1, and public goods, g

KBt/ 1-6 1
C—1ti7)

U = max 19

+olog(g)|, 6>0, (11)

where 0 < ¢ < oo denotes the Frisch elasticity of labor supply, and ¢ > 0 is a param-
eter that measures the household’s relative preference for public over private goods.
The household faces an exogenously given wage rate, w, and interest rate, r, and labor
income is taxed at the proportional rate " yielding the private budget constraint (the
household is born without assets)

c=(1—-"1"wh. (12)

(a) Write down the household’s optimality conditions with respect to consumption,
¢ and labor supply, & (the public good provision by the government is taken as
given), and derive the optimal labor supply which we will denote by h(7").
Solution:

The households maximizes utility subject to Equation (??), such that the Lagrangian

reads
KBi+1/¢ 1-6
c— ter -1
L= ( 1+11/_¢2 +olog(g) + A [(1—t")wh —c].

The optimality conditions with respect to consumption c¢ and labor supply, h, are

given by
oL Blt+1l/¢9 -
O=—=|c— —A
dc 1+1/¢

oL hl—l—l/(p
=\ T ix1/g

0=

—0
) W+ A1 —1t")w.

Combining the two optimality conditions and substituting for A yields

—0 —0
Wit/ Y plt+1l/¢
— ' — — _ 7
(c 1+1/¢> h c 151/ (1—-1"w,

which can be simplified to find the optimal labor supply

h(t") = [(1—1")w]?. (13)
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(b)

(©)

Compute the elasticity of the labor supply with respect to the tax rate

_Oh(t") T"
ot h(t")’

e(t") =

Show that this elasticity is increasing in the tax rate, T, i.e., the higher the tax rate
the more distorted is the labor supply in this economy.
Solution:

The labor supply elasticity with respect to the tax rate is given by

™ "

o) = g1~ )" () = 9

Note that the elasticity (and therefore the tax distortion on the labor supply) is
monotonically increasing in the tax rate on the interval 7; € [0,1),
de(t") 1 N T" B 1
P T ) o g T

>0,

where ¢(0) = 0 and limn_,1 e(T") = c0.

Derive the government’s labor income tax revenue as a function of the tax rate -
the so called Laffer curve. What tax rate T is associated with the top of the Laffer
curve (the maximum tax revenue)? What value takes the elasticity e(7) at the top
of the Laffer curve? What was the tax rate at the top of the Laffer curve if the labor
supply is completely inelastic, ¢ — 0, or inelastic, ¢ — o0?

Solution:

(XX Reminder: put up a .pptx figure with the Laffer curve for next year) The tax
revenue of the government is given by

T"wh(t") = T"w[(1 - ")w]?,
such that the top of the Laffer curve is characterized by

T= arg max_ "w [(1—1t")w]?.

The first-order condition reads
0=w[(1-"7)w]?—etw[1—-7)w]’ ‘w
= w[(1-2)w)]? [1-2(1-7)7"| = w[(1 - Dw)]* [1 - e(7)].
The first-order condition suggests T = 1 as one of the candidate solutions. How-
ever, since T = 1 implies a tax revenue of zero we can safely drop it as a maximum
candidate. Due to the ruling out the unit tax rate, we can divide both sides of

the above optimality condition by w [(1 — T)w]? to characterize the tax rate that
maximizes tax revenue
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(d)

The above equation implies that the elasticity at the top of the Laffer curve is ex-
actly 1. The two limit cases yield

IimT=1, ImT=0,

¢—0 P—0
Thus, the less elastic the labor supply is, the higher is the maximum revenue that
the government can generate from taxing labor income. Note that the case of
lump-sum taxation is nested when ¢ — 0, such that the government generates
the maximum tax revenue at the unit tax rate.

Note that T = 1/(1 + ¢) is indeed a maximizer as the tax revenue is globally
concave

AN (1~ )] [1 o)

2 ™wh(T _

PICRO] o [(1 - 20}~ (=) [1 = e(”)
+w[(1-1"w)]? (—1)83(; ) <0

Suppose the government wants to finance the specific level of government expen-
diture g* that is located within the bounds

0 < g* < Twh(T).

Assume that ¢ = 1. Find the optimal tax rate, 7%, to finance the government
expenditure level, ¢*, with a balanced government budget. Would a benevolent
government ever choose a tax rate above T?

Solution:

When ¢ = 1 then the top of the Laffere curve is given by T = 1/2 and the maxi-
mum tax revenue is
tw[(1—T)w] = 1/4w? > g*.
The government budget constraint reads
¢ = T'wh(T")
= t*w [(1 — ™)w] = T°w? — (t*)*w?,
which can be written as the quadratic equation
0 = w?(T%)? — wPT* + ¢*
= ax® + bx +c.

The two solutions are characterized by

v —b+ Vb? — dac
B 2a
2 -
w* £ \/w — 4w?g* V1—4w2g*
— — —1/2+ —=.
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Since it can never be optimal to raise the same tax revenue ¢* with a higher tax rate
than necessary (because it would increase the labor supply distortion and reduce
the available budget of the household unnecessarily), the optimal tax rate must be

given by
_ —2 ok
o1 VIR )

2
Note that the term under the square root is strictly positive since g* < 1/4w?.
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