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Budget constraints with infinite horizons

Period budget constraint

Ci+I1,+(Bsy1— B) =Y, +rB,— G, s=t,t+1Lt+2,.... (2)

Start with s = t.

Use (2) for s=t+1 to eliminate B;, 1. B;;» then enters the equation.
Use (2) for s=t+2 to eliminate B;,,.

Continue to eliminate B;,; until s=T, and you get

t+T s—t T

z (1 -T— r) (Cs +1s) + (1_17.) Biir+1

s=t

t+T 1 s—t

=+(1+7)B, + Z (1 = r) (Ys —Gs) (3)
s=t




Take the limit as t = oo and you get

© S 1 s—t

z<1ir) _t(CS-HS) B (1+T)Bt+i<1+r) (s =Gs) (%)
s=t

s=t

provided that all the limits exist and that

T
) Bera=0

LIM = lim (

T —o00

+7r

Why is (5) a reasonable assumption?
Suppose LIM < 0. This means

- forlarge T, By 1141 < 0 and growing in absolute value at a rate greater than or
equal tor.

- the country finances all interest payments by acquiring new debt.

- creditors will not accept that this goes on forever.

- LIM has to be greater than or equal to zero.



. 1\7
- LM =limg (537) Brsn =0 (5

Suppose LIM > 0. This means that

-forlarge T, By17+1 > 0 and growing at a rate greater than or equal to r.

the country is providing resources to others without getting anything in return.

consumption can be increased without hitting.

utility maximization demands LIM to be zero or negative.

Conclusion: LIM = 0.

Consistent with this:

- With an infinite horizon debt can be rolled over forever as long as some of the
interest is paid from present income.

- To continue acquiring foreign assets forever can be consistent with utility
maximization as long as some of the interest received is actually consumed.



A small economy model with infinite horizon

Utililty function

Up = u(Ce) + fu(Crsr) + B?u(Criz) + BPu(Crys) + -+ = Z B u(Cs) (6)
s=t
Production functions:
Y, = A F(K,), t=12,.. (7)
Definitional relationships
K =Ki 1+ 1;_4, t=12,... (8)
CA; =B;y1 — By =7rBs + Y, — C; — I; — Gy, t=12,.... (9)

Budget constraint (4) or equivalently (5).



Optimization

Maximize

U = LsZe B ul(Cy) (10)

with respectto Bg,; and K1, s =t,t+1,..given

Cs =1 +71)Bs— Bsyq1 + AF(Ks) — (Ks31 —Ko) —Gs s=t,t+1,
and that LIM=0.

First order condition for B, q:

aU, s aC, 0Cs. 4
— “tu'(C s+1-t,,” C
aBS+1 ﬁ u ( s) aBS+1 + ,B u ( s+1) aBS+1

= U (CH D+ U (G )1 +1) = 0

Hence, the consumption Euler equation

:8(1 + r)u,(Cs+1) = u,(Cs) (12)

e (11



First order condition for K., 1:

oU, - C, 0Csy1
— “tu(C s+1-t,,” C
aKs+1 :8 u ( S) 6KS+1 + ,8 u ( s+1) aKS+1

= B (C) (DB U (Co41) (As1 F (Ksy1) +1) =0

or

ﬁu’(Cs+1)(As+1F’(Ks+1) + 1) = u,(Cs)

Or after taking account of the Euler equation

u’(Cs)
A F(Kep) +1=— =14r
s+1 s+1 IBU, (CS+1)

and surprise!
Asi1F (Ksp) =7 (13)

In addition to the first order conditions, we need the present value budget constraint
to determine the levels of consumption and debt.
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CES example again: Solving for C;

The Euler equation reduces to

Cs41 = (1 +1)7BCs = (1 +v)C;
where v = (1 +1r)?B° — 1 is the growth rate of consumption.
Hence, C; = (1 + v)57tC,,
and the present value of consumption is

°° t © s—t

2() 6=2) =

s=t s=t

Il
=] =

C, = C, (14)

(Use formula for sum of infinite geometric series).
r > v is necessary for convergence.

r > v is always satsified when both ¢ < 1 and <1.



Recall the present value budget constraint

© t

25

s=t

© 1 s—t
Cs=(1+r)Bt+z(1+r) Ys—I;—Gs) =W, (4)
s=t

W, = total wealth

Replacing the |hs by,

1+7r
r—v

from (14), we find that

v =0 Consume the permanent income from your total wealth.

v > 0 Consume less than your permanent income if you want a rising consumption
path



Characterizing the solution for the current account

Define the “permanent” value of a variable

oo

() =X ) x

s=t

Using the formula for the sum of an infinite geometric series:

j;:( ) 1 __1-Fr
- 147 1 r

1_1+r

Hence,

S e ae kS ()
e =
147 1+ 147 S

s=t s=t
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W; can then be rewritten

Wt= (1+T)Bt+z(1
s=t

Hence, the solution for C; can be rewritten

s—t

r—v
C =177

Wt = TBt + Yt Gt Wt (16)

1+r +
By definition

CAt =rBt+Yt_Ct_It_Gt (17)

After inserting for C; from (16)

CA; =Y, _Yt - (It _it) — (G — ét)

(8)

- Deviations between actual and permanent values of Y, | and G.
- Tilt factor related to growth rate.
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A Stochastic Current Account Model

- Future levels of output, investment and government spending are stochastic

- Only financial asset is riskless bond which pays a constant interest rate r

- Rational expectations: Agent’s expectations are equal to the mathematical
conditional expectations based on the economic model and all available

information about current and past value of economic variables

- Current values of all exogenous variables are known by all decision makers
before decisions are made
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Optimization

Utility function

U, = E, {Z ps-t u(@)} (19)
s=t

Same budget equation and constraints, same initial conditions, same procedure.

First order condition with respect to B, 1 (compare slide 6):

E[f°~ W (C) =D+ (G4 )1 +1)] =0

or
EJu (C)]l =E/(pA+r)u(Csiy)] s=tt+1,... (20)

For s=t this specializes to

' (C) = E[f(1 +r)u'(Cesq)] (21)
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First order condition with respect to K., (compare slide 7):

Ec[B5"u'(Co)(—D+L" 1 u'(Co1) (Asi1 F (K1) + 1)) =0
For s=t this specializes to
E{fu (Coq1) (Ass1F (Ksy1) + 1D} = u'(Cy)
E, {ﬁu,,(ct+1) ,Bu',(Ct+1)} — 1
u (Cp) u'(Cy)
Or, after inserting from the consumption Euler equation

E {ﬁ(l + 1)U’ (Cepq)
‘ u'(Ce)

At+1F,(Kt+1)} + E, {

At+1F’(Kt+1)} =r (22)
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The linear-quadratic example
Exogenous endowments (Y;), no investment.

No trend growth in consumption: f(1+1r) =1

Quadratic utility function
a

w(C) =C —7062, a, >0 (23)

Euler equation E{[u’(C,)] = E{[f(1 + r)u’(Cs41)]
E:[1—aoCs] = E¢[f(1+7)(1—ayCsyq)]
1 —agEls = 1—agEiCsiq

EtCS+1 — EtCS S = t, t+ 1, e s ( 24)

For s=1 we get Robert Hall’s random walk result:

E:Ciy1 =Cc  (25)
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Taking expectations on both sides of the budget constraint, we find

00 1 S—t 0 1 s—t
z (1 + r) Eils = (1+7)B, + Z (1 + r) E(ls = Go) = W,
s=t s=t
Since E{Cs.1 = C; for all s>t, the |hs is (compare (14))
D) B ) mat
1+7 tes 1+7r P oy
s=t s=t

Hence (compare (15))

==Y () R
R t = "5t 14+7r t 14+7r this TS (26)
s=

Certainty equivalence: Act as if the expected values were certain to be realized.
Constraints and first-order conditions are linear in all the stochastic variables.

Necessary: Quadratic utility function (dubious) and non-stochastic r.
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Response-impulse relations for output shocks

C; is determined by E.;Y;, s=t+1,t+2,....How, are these expectations formed?

Example: Consumers believe income follows the stochastic process
Vor1 =Y = p(Ys = Y) + &544 (27)
where 0 < p < 1, Eig; = 0 for s=t+1, t+2,... ,and &;is serially uncorrelated.
p is the coefficient of autocoregression.
p measures the degree of persistence of the process
p=0 Y, varies randomly around Y. No serial correlation.
0<p<1 Yreturnsgradually towards Y after a shock. Positive serial corr.

p=1 Y, random walk, no tendency toreturnto Y, Yo, — Y. = €541
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Impulse response functions for first—order AR process for different values ofp
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By successive insertions in (27) we find (details on slide 22)

S
=T =p (0 -D)+ ) piTte  (28)

i=t+1
Take expectations on both sides of (28):
E(Ys —Y]= p* ' (Y, -Y) (29)

Insert the expectations from (29) in the consumption function (26) and you find
(details on slide 23)

Ct —_ TBt + 7 + (Yt - 7) (30)

1+r—p
By definition CA; = rB; + Y; — C;. After inserting for C;:

CA; = (Y, =) (31)

CA does not depend on B;.
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Impluse response p=10.9, r=0.04
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Derivation of (28)
Start from (27) with s=t:
Yier =Y =p(Ye = V) + &044
Move forward 1 period:
Vs =Y = p(Yepq = V) + ¢4z
Insert for Y;,; — Y
Vs =Y = p? (Y, = V) + pepyr + €4z
Move forward 1 period:
Veies =Y =p(Yrpz = Y) + &443
Insert:
VY — A3(V _© 2
Yiez =Y = p°(Vy = Y) + peryq + pErn + Erys

Continue until s and you end up with (28).
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Derivation of (30)

Start with the consumption function

Co=rBe+ Z (1 + r) Bl
Add and subtract Y.
_ 1\ _
C, =B, +7 (1—+r) (E Y, — 7)
s=t
Insert for the expectations from (29)

Ct=7‘Bt+Y

(1 + r) (Y

Use the formula for the sum of an infinite geometric series

S=t

Ct=TBt+Y+

Y, - Y
1+r_p(t )
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