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Good Luck!
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1 Real Business Cycles

Consider a Real Business Cycle Economy, which is characterized by the solution to the
social planner problem:

max
ct,lt

E

(
∞

∑
t=0

βt [log(ct) + 2 log(1 − lt)]

)
subject to

ct + it = yt

kt+1 = it + (1 − δ)kt

yt = kα
t l1−α

t
ct ≥ 0, lt ∈ [0, 1], k0 given

Note that there is no technological progress and no population growth.

1. Derive the first-order conditions of the social planner problem

Solution:

ct + kt+1 = kα
t l1−α

t + (1 − δ)kt

Rt = αkα−1
t l1−α

t + (1 − δ)

wt = (1 − α)kα
t l−α

t

wt = 2
ct

1 − lt
c−1

t = Et

[
βc−1

t+1Rt+1

]
+ transversality condition

2. Derive the steady-state relationships

Solution:

c̄ + k̄ = k̄α l̄1−α + (1 − δ)k̄
w̄ = (1 − α)k̄1−α l̄−α

w̄ = 2
c̄

1 − l̄
R̄ = αk̄α−1 + (1 − δ)

1 = βR̄ ⇔ R̄ =
1
β
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3. Calibrate the model (at quarterly frequency), that is determine the values α, β and
δ, using the following targets:

• The quarterly marginal product of capital (before depreciation) is 2.8%.

• The capital income share is 56%.

• Assume that I
Y = 0.48, where both I and Y are quarterly data.

Solution:

• α is given by the capital share in total output

0.56 = sk ≡ rk
Y

=
kαkα−1l1−α

y
= α

• Capital return and Budget constraint:

R̄ = α
ȳ
k̄
+ (1 − δ)

α
ȳ
k̄

= 0.028

ȳ
k̄

=
0.028
0.56

= 0.05

k̄ = (1 − δ)k̄ + Ī

δ =
Ī
k̄
=

Ī
ȳ

ȳ
k̄
= 0.48 ∗ 0.05 = 0.024

• The Euler-Equation simplifies to

1 = β

(
α

ỹ
k̃
+ 1 − δ

)
= β(1 + 0.028 − 0.024)

β =
1

1.004
≈ 0.996

4. What is the capital/output ratio in this economy. Can you recalibrate the economy
to obtain a capital/output ratio of 20 and at the same time still match the three
targets above. If yes, how? If not, why not?

Solution:

The capital output ratio, k̄
ȳ = 20. So, yes it is possible.
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2 Complete Markets and Asset Pricing

Consider an economic environment with complete markets. Assume that households
indexed by i ∈ I trade all state-contingent claims at time 0 such that a household’s
maximization problem is of the following form:

max
ci

t(st)

∞

∑
t=0

∑
st∈St

βtπ0
t (s

t)
ci

t(s
t)1−γ

1 − γ
,

subject to
∞

∑
t=0

∑
st∈St

q0
t (s

t)
[
ci

t(s
t)− yi

t(s
t)
]
= 0 ∀i ∈ I.

(a) Define an Arrow-Debreu security. Show that the Arrow-Debreu price q0
t (s

t) is a
function of aggregate consumption. Proceed in the following steps: (i) formulate
the Langrangean ii) derive the Euler equation of an individual household i, taking
as given prices, q0

t (s
t), and (iii) substitute individual consumption for aggregate

consumption
Solution:

The Lagrangian for individual i reads

L =
∞

∑
t=0

∑
st∈St

βtπt(st)
ci

t(s
t)1−γ

1 − γ
+ λi

∞

∑
t=0

∑
st∈St

q0
t (s

t)
[
yi

t(s
t)− ci

t(s
t)
]

.

The optimality conditions of individual i with respect to consumption, ci
t(s

t), read

0 =
∂L

∂ci
t(st)

= βtπ0
t (s

t)ci
t(s

t)−γ − λiq0
t (s

t), ∀st ∈ St. (1)

The same optimality conditions hold for any other individual j, such that(
cj

t(s
t)

ci
t(st)

)γ

= λi/λj ⇔ cj
t(s

t) =
(

λi/λj
)1/γ

ci
t(s

t), ∀st ∈ St.

Aggregate consumption over all individuals j

Ct(st) ≡ ∑
j∈I

cj
t(s

t) = ∑
j∈I

(
λi/λj

)1/γ
ci

t(s
t) = ci

t(s
t)
(

λi
)1/γ

∑
j∈I

(
λj
)−1/γ

, ∀st ∈ St,

such that the consumption level of individual i can be written in terms of aggregate
consumption, Ct(st), as

ci
t(s

t) = Ct(st)
(

λi
)−1/γ

(
∑
j∈I

(
λj
)−1/γ

)−1

, ∀st ∈ St. (2)
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Combine Equation (2) and Equation (1) to substitute out individual consumption

λiq0
t (s

t) = βtπt(st)

Ct(st)
(

λi
)−1/γ

(
∑
j∈I

(
λj
)−1/γ

)−1
−γ

, ∀st ∈ St

= βtπt(st)Ct(st)−γλi

(
∑
j∈I

(
λj
)−1/γ

)γ

.

Thus, the individual specific multiplier λi cancels out and the Arrow-Debreu prices
are given by

q0
t (s

t) = βtπ0
t (s

t)Ct(st)−γ

(
∑
j∈I

(
λj
)−1/γ

)γ

, ∀st ∈ St.

Finally, we can normalize one price. Let us normalize with respect to the Arrow-
Debreu price for the initial state, q0

0(s
0) = 1 (note also that the initial state is deter-

ministic, π0(s0) = 1), such that the final expression is

q0
t (s

t) =
q0

t (s
t)

q0
0(s)

= βtπ0
t (s

t)

(
Ct(st)

C0(s0)

)−γ

, ∀st ∈ St. (3)

Use this price in the individual Euler equation of Equation (1) to yield

βtπt(st)ci
t(s

t)−γ = λiq0
t (s

t) = λiβtπ0
t (s

t)

(
Ct(st)

C0(s0)

)−γ

, ∀st ∈ St,

which can be written as

ci
t(s

t)−γ = λi
(

Ct(st)

C0(s0)

)−γ

, ∀st ∈ St.

Now, consider the ratio of marginal utilities across two consecutive histories of
state realizations, st, and st+1, for individual i,(

ci
t+1(s

t+1)

ci
t(st)

)γ

=

(
Ct+1(st+1)

Ct(st)

)γ

=

(
Yt+1(st+1)

Yt(st)

)γ

, (4)

thus, the individual consumption growth is that same as aggregate consumption
growth. The last equality follows from the fact that that aggregate consumption in
each state st has to be equal to the aggregate endowment in that state (aggregate
resource constraint),

Ct(st) = Yt(st) ≡ ∑
i∈I

yi
t(s

t). (5)
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(b) Assume that markets are complete. Are the following statements correct? (i) “If
we know average wealth, we also know the wealth holdings of all other house-
holds.” (ii) “The wealth distribution does not matter for the aggregate decision of
the household sector.”
Solution:

Equation (4) which characterizes individual consumption growth is the relevant to
answer this question.

(i) This statement is correct.

(ii) This statement is not correct.

Suppose from now that individuals also make a labor supply choice, hi
t(s

t) (hours per
period), and face an individual-specific but fixed wage wi. Thus, labor income each
period is yi

t(s
t) = wihi

t(s
t). Assume that preferences are

u(c, h) = log(c)− (1 − h)(−2),

such that the objective function of the household reads

max
ci

t(st),hi
t(st)

∞

∑
t=0

∑
st∈St

βtπ0
t (s

t)

[
log
(

ci
t(s

t)
)
−
(

1 − hi
t(s

t)
)(−2)

]
.

(c) Solve for individual consumption, hours and Arrow-Debreu prices (as a function
of aggregate consumption)
Solution:

The Lagrangian for individual i reads

L =
∞

∑
t=0

∑
st∈St

βtπ0
t (s

t)

[
log
(

ci
t(s

t)
)
−
(

1 − hi
t(s

t)
)(−2)

]
+ λi

∞

∑
t=0

∑
st∈St

q0
t (s

t)
[
wihi

t(s
t)− ci

t(s
t)
]

.

The optimality conditions of individual i with respect to labor supply, hi
t(s

t), read

0 =
∂L

∂hi
t(st)

= −βtπ0
t (s

t)
(

1 − hi
t(s

t)
)−2

+ λiq0
t (s

t)wi, ∀st ∈ St,

Note that the Euler equation stated in Equation (??) still applies in this specifi-
cation, but we are dealing with log-utility such that γ = 1. Combine the two
optimality conditions for a given state st to yield

βtπ0
t (s

t)2
(

1 − hi
t(s

t)
)−3

= λiq0
t (s

t)wi = βtπ0
t (s

t)ci
t(s

t)−1wi, ∀st ∈ St.
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which can be reformulated as

ci
t(s

t) =
(

1 − hi
t(s

t)
)3

wi/2, ∀st ∈ St. (6)

The same derivations as for Equation (4) apply and imply individual consumption
growth will also be equalized across households.

ci
t(s

t) = γiCt(st), ∀st ∈ St.

This implies that there is full risk sharing across states at the individual level in
this economy. According to Equation (7), the Arrow-Debreu prices will be

q0
t (s

t) =
q0

t (s
t)

q0
0(s)

= βtπ0
t (s

t)

(
Ct(st)

C0(s0)

)−γ

, ∀st ∈ St. (7)
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